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■ Abstract 

' The aim of this article is to classify two dimensional split trianguline representations of 

, p-adic fields. This is a generalization of a result of Colmez who classified two dimensional 

split trianguline representations of Gal(Qp/Qp) for p 7^ 2 by using (tp, r)-modules over 
Robba ring. In this article, for any prime p and for any p-adic field K, we classify two 
dimensional split trianguline representations of Gal{K / K) by using B-pairs defined by 
O^I ' Berger. 
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Introduction. 



0.1 Background. 



Let p be a prime number. In this article, we study two dimensional trianguline representations 
of any p-adic field K, i.e. a finite extension of Qp. Trianguline representation is a class of 
p-adic representations of Gk Gal{K / K), which is turning out to be an important notion. 
Trianguline representation was defined by Colmez and is defined by using ((/?, rx)-modules over 
Robba ring ^ which is noncanonically isomorphic to a ring of Laurent power series which 
converge in some annulus and is equipped with Frobenius (p action and with := Gal{Koo/K) 
actions. Here Koo '■= -f^(Cp°°) is the extension of K obtained by adjoing p"-th roots of unity 
(pr^ for every n gN. {(p, F^)-modules over iSt^ ^ are defined as finite free ^-modules with 
semi-linear (p and F^ actions. By the work of Kedlaya, the notion of slopes of (/^-modules over 
Robba ring is very important and we say that a (i^, F^f )-module over ^ is etale if it is pure 
of slope zero as a (/^-module. By the works of Fontaine, Cherbonnier-Colmez and Kedlaya, the 
category of p-adic representations of Gk is equivalent to the category of etale {ip, F/f )-modules 
over j^. This equivalence enables us to see the category of p-adic representaion of Gk as a 

full subcategory of the category of {(p, Fx)-modules over ^ (without slope conditions). We 
say a p-adic representation V of Gk is split trianguline if D,-ig(V), the F/f )-module corre- 
sponding to V, is a succesive extension of rank one objects in the catetgory of {cp, Fx)-niodules 
over j^. And we say V is trianguline if V is split trianguline after making a finite extension 
of coefficients. Trianguline representations can be seen as generalizations of ordinary represen- 
tations. But many interesting irreducible representations can be trianguline. For example, all 
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semi-stable representations are trianguline. Moreover, there are many interesting trianguline 
representations which are not de Rham. For example, when K = Qp, Kisin showed that two di- 
mensional p-adic representations of Gq^ attached to finite slope overconvergent modular forms 
are trianguline, this fact was a key for his p-adic Hodge theoretic approach to the study of 
Coleman-Mazur eigencurves ([KiOS'). Recently Bellai'che-Chenevier generalized Kisin's method 
and studied higher dimensional trianguline representations of Gq to study higher dimensional 
eigenvarieties f |Bel-Ch06] ). Another example is Colmez's p-adic Langlands correspondence for 
GL2(Qp). In his theory of p-adic Langlands correspondence, trianguline representations are at 
the heart. When K ~ Qp and p 7^ 2, he classified two dimensional split trianguline representa- 
tions of Gqp and, based on this classification, he proved that the sets of points corresponding 
to trianguline representations are Zariski dense in deformation spaces of two dimensional p- 
adic representaions of Gq . By combining some constructions of Colmez and of Berger-Breuil, 
we get the p-adic Langlands correspondence for trianguline representations f [Be-Br06] . [Co04j . 
[Co07bj ). The correspondence for trianguline representations and Zariski density of trianguline 
points played essential roles in his construction of p-adic Langlands correspondence for GL2(Qp) 

mm)- 

The main purpose of this article is to classify completely two dimensional split trianguline 
representations of Gk for any finite extension K of Qp for any prime p (we don't need to 
assume that p ^ 2). We determine the parameter space of all split trianguline representations. 
And we also determine the parameter space of potentially cristalline or potentially semi-stable 
split trianguline representations, then we explicitly describe the filtered ((^, A'^, G/f )-modules 
associated to tnem. Currently, the only interesting examples of tringuline representations are 
in the case K — Qp. The author of this article hopes that this article will be useful to give 
many interesting examples of trianguline representations in general K ^ Qp case. For example, 
he wants to know whether p-adic representaions attached to finite slope overconvergent Hilbert 
modular forms are trianguline or not. In this article, he could not attack the problem about 
Zariski density of trianguline representations. He doesn't know whether the set of trianguline 
points is Zariski dense or not in general K ^ Qp case. He wants to study these problems in 
future works. 

0.2 Contents of this article. 

In section 1, we define trianguline representations and split trianguline representations by using 
B-pairs instead of r^)-modules over ^ for some technical reasons. _B-pair was defined 

by Berger ( [BeOT] ). We write := B^=;. An E-B -pair (the iS-coefficient version of im- 
pair, here E is a. finite extension of K which contains Galois closure of K) is a pair W :— 
{We,W^^) where is a finite free Bf, (^^q^ i?-module with a continuous semi-linear Gk- 
action such that W^^ C Wdu. BdR ®Se is a Gi<-stable B'^^ £^-lattice of WdR- In 
|Be07[ Theorem 2.2.7] . Berger established an equivalence between the category of £'-i?-pairs 
and the category of i?-((/?, Fif )-modules over i3^ig A" which are also the £'-coefficient version 
of (95, Fif )-modules. The category of E representations of Gk (-E-coefficient version of p-adic 
representations) is embedded in the category of E-B-paiis hyVi-^ W{V) := (i?e®Qp^, ^dR®Qp 
V). So, for defining trianguline representations, we can use both B-pairs and (ip, Fi<-)-modules. 
In this article, we choose to use B-pairs for some technical reasons. Then, we say that an E- 
B-paiT W is split trianguline if IF is a succesive extension of rank one E'-B-pairs. We say that 
E-representation V is split trianguline if IF(F) is split trianguline. We say that an E-B-pair 
W (resp. an E-representation V) is trianguline ii W E' (resp. V E') is split trianguline 
for a finite extension E' of E. The main purpose of this article is to classify completely 
two dimensional split trianguline E- representations of Gk- The classification is done by the 
following steps. 
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Step 1 : Classification of rank one i^-B-pairs, 

Step 2 : Calculation of the dimensions of extension groups dim£;Ext^(VF2, Wi) for any rank one 

Step 3 : Determination of the conditions for W to be etale, here W is an extension of Wi by W2 
as in Step2, 

Step 4 : Classification of de Rham split trianguline i?-representations. 

The step 1 is done in section 1, the step 2 is done in section 2, the step 3 is done in section 3, 
the step 4 is done in section 4. 

From now on, we explain these steps more precisely. 

For step 1, let 6 : K'^ be a continous character with respect to p-adic topology on 

both sides. Then we can define a rank one E-B-paiv W{5) as follows. Let 'Kk be a uniformizer 
of K. We decompose 5 into 5 := S^Si such that JqIcix = ^\o'^ ' ^0(7'' a:) '■— 1, ^Ao''- trivial 
character, 5i{tik) '■— ^{t^k)- Then Sq : is a unitary character, so by local class field 

theory we get a character 60 : such that = ^0 ° rec/f, here rec^ : ^ is 

the reciprocity map such that ttk is mapped to a lifting of the inverse of g-th power Frobenius 
(here, q := , f [Kq : Qp], Kq is the maximal unramified extension of Qp in K). For Si, 
we define a rank one E'-iJ-pair W{Si) such that D{Si), the (</3, Fif )-module corresponding to 
W{6i), is defined by D{Si) := bI-^^ ^^ Ees^, (pH<^Si) ■= 5i{TTK)esi, j{esi) ■= es^ for any 
7 e Tk- We define W{6) := W{So) €5 W{6i). We can show that W{5) does not depend on the 
choice of ttk (Remark ll.44p . Then the main theorem of section 1 is the following. 

Theorem 0.1. (Theorem | Let W be a rank one E-B-pair oj Gk- Then there exists unique 
continuous character S : E^ such that W — > W{S). 

Remark 0.2. We can see this theorem as a natural generalization of one to one correspondence 
{S : xontinuous character} ^ {S : G^ : continuous character}, which is in- 

duced by local class field theory. This theorem is also a generalization of |Co07a[ Proposition 3.1] . 

For step 2, from this theorem, it suffices to calculate diniEExt^ {W{62),W{Si)) for any 
continuous characters 61,62 ■ ^ E^. In section 2, for this purpose we define Galois 
cohomology of E'-iJ-pairs. Let W := iWe,W^^) be an E-B-paii. Put WdR ■= 5dR ^s. We- 
Then we defne the Galois cohomology H*(Gi<-,VF) of W as the Galois cohomology of the 
complex We © WJ^ WdR : {x,y) 1-^ x — y, here We © WJ^ sits in zero-th part of this complex. 
This cohomology groups are finite dimensional i?-vector spaces. We can show in the usual 
way that there is a natural isomorphism Ext^(i?£,iy) ^ H^(G'if,VF), here Be ■= {We ©q^ 
E, W^Yi. ®Qp ^) is the trivial i?-_B-pair. By Bloch-Kato's fundamental short exact sequence 
— > Qp — > i?e © B^j^ BdR — > 0, for any i?- representation V, we have a natural isomorphism 
H*{Gk,V) ^ W {Gk ,W{V)). So we can see this cohomology as a natural generalization of 
Galois cohomology of p-adic representations. As in the classical case, this cohomology satisfies 
Euler-Poincare characteristic formula and Tate local duality theorem. For this, we review the 
results of Liu concerning these theorems for ((p, Fx)-niodules over B^^^ ([EQZ])- By using 
his theorems, we can calculate all the extension groups that we want. For any embedding 
a : K ^ Eandke Z, we define ct(x)'= : K"" ^ E' : y ^ a{yf. We define Nk/q^ : K"" ^ : 
y ^ Ua:K-^E'^{y)^ \ -\:Q; ^E-.p^^, Hot any a eZ^, \Nk/q^{x)\ :^ \ - \oNk/q^. 
Then the main result of section 2 is as follows. 

Theorem 0.3. (Teorem l^. Let 61,62 : E^- he continuous characters. 

Then dim£;Ext\W^((52),iy((5i)) is equal to 
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(1) [K : Qp] + 1 if 81/82 = Y\a-K^E ^{x)''" such that k„ G Z<o for any a, 

(2) [K : Qp] + 1 ifSi/S2 = \NK/ii^{x)\ IlrTiif-^B ^ such that ka e Z^i for any a, 

(3) [if : Qp] otherwise. 

Remark 0.4. This theorem is a generahzation of dimension fromula of Galois cohomology of 
one dimensional p-adic representations. Also this is a generalization of |Co07a[ Theorem 2.9] . 

From this theorem we can determine all the split trianguline i?-_B-pairs of rank two. Let 
W{s) beasplit trianguline iS-B-pair which is an extension corresponding to s G P£;(Ext^(W^((52), 
W{8i))), here for any finite dimensional i?-vector space M we put ^e{M) :— {[v\\v E M ~ 
{0},[v] — [v'] <^=> v' — av for some a E E^}. Then the isomorphism class of W{s) as 
i?-_B-pair depends only on s. 

For step 3, we must determine the conditions on (^i, ^2) and s for W{s) to be etale, i.e. to be 
W{s) ^ W{V{s)) for an £'-representation V{s). In section 3, we determine all the conditions by 
using Kedlaya's slope filtaration theorem of (^-modules over Robba ring. The idea is essentially 
same as Colmez's one when K = Qp and p ^ 2 (see the proof of [Co07ai Proposition 4.7]). but 
we have to deal with all the additional complications which come from working with K =/= Qp. 
In fact, in general K ^ Qp case, the parameter space of split trianguline representations is more 
complicated than that oi K — Qp case. For any two continuous characters 81,82 ^ , 

we put 3(81,82) ¥E{'Ext\Wi82),Wi8i))). We put S+ := {{81,82)181,82 : K"" ^ E"" 
continuous characters such that valp((5i(7r/f )) + valp((52(7r/f )) = 0, valp(<5i(7ri^))^0} (here valp 
is a valuation of E such that valp(p) :~ 1). For any {81,82) E S~^, in section 3 we will 
explicitly define a certain subspace 3'^^°"'^"^ {81, 82) C S{8i,82) which corresponds to non etale 
split trianguline E-B-p&iis. All these spaces S'^ and 3'"'°"'^°* {81, 82) naturally appear when we 
consider the slope zero conditions by using Kedlaya's slope filtration theorem. Then our main 
result of section 3 is as follows. 

Theorem 0.5. fLemma l^. j[ Theorem |5'.^p Let 81,82 : E^ be continuous characters. Let 

W{s) be the split trianguline E-B-pair corresponding to s E S{8i,82). 

(1) LfW{s) is etale, then {81,82) E S+ . 

(2) The following conditions are equivalent. 

(i) W{s) is etale, i.e. W{s) ^ W{V{s)) for an E -representation V{s). 

(ii) s^S'"''"-'\Si,82). 

Remark 0.6. This theorem is a generalization of |Co07a| Proposition 4.7]. The space 5"^^' 
in his paper [Co07a| 0.2] corresponds to U(5j^52)eS+'5'"°"~'^*('5i, ^2) in this article. Moreover 
we can determine the conditions when we have V{s) — > V{s') for distinct parameters s E 
S{8i,82) \ S'"'"'-^\8i,82), s' E S{8[,8'2) \ S'"'"'~^\8[, 8'^) under certain conditions (Theorem 
|32D. 

For step 4, we have to determine the conditions on {81,82) E 5*+ and s E S{8i,82) \ 
S'"°"'~'^* {81, 82) for V{s) to be potentially semi-stable or potentially cristalline. In p-adic 
representations case, Bloch-Kato finite cohomology is useful for this kind of problems. We 
define Bloch-Kato cohomology for _B-pair W as follows (Definition 12. 4p . By the definition of 
li*{GK,W), we have natural maps R*{Gk,W) ^ H*(Gk, W^) ll*{GK,B„is (E>B^We) 
R*{GK,BdR ®Bt, We). As in the classical case, we define H.}(Gk, W^) := Kev{B^{GK,W) 
^{^{Gk^B^: We)), here when ? = e (resp. ? = /, resp. 1 = g) then * = e (resp. * — cris. 
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resp. * = dR). By calculating these, in section 4 we will explicitly define the parameter spaces 
S^li^{Si,62), Sst{Si,62) Q S{Si,S2) for any {61,62) G 5'+ such that 6i = lla-.K'^E'^i^)'''-''^^ such 
that ki,cr € Z and 6i are locally constant characters for i=l,2.. Then the conditions for V{s) to 
be potentially semi-stable are as follows. 

Theorem 0.7. (Lemmag^ Propositiong^ Let s e 8(61,62) \ S""°""'^*(Ji, (^a). Let V{s) be 
the split trianguline E -representation corresponding to s. 

(1) LfV{s) is potentially semi-stable, then 6i = Yla K^E ^{x)^^'" 6i such that ki^„ e Z for any 
a and 6i are locally constant characters for i~l,2. 

(2) If {61,62) G 5*+ satisfies the condition in (1). Then the following conditions are equivalent. 

(i) V{s) is potentially criatalline 

(ii) s&StU5i,62). 

(3) If {61,62) G satisfies the condition in (1). Then the following conditions are equivalent. 

(i) ' V{s) is potentially semi-stable and not potentially cristalline. 

(ii) ' s(^S,t{6i,62). 

Remark 0.8. These parameter spaces S°l^^{6i,62), Sst{6i,62) are generalizations of iS"'^ or 
5^* defined in |Co07a[ 0.2], We can also see these spaces as the parameter spaces of weakly 
admissible filtrations of a ((/?, A^, Git )-module corresponding to V{s). Moreover we can ex- 
plicitly calculate the filtered ((/j, TV, G_fs-)-modules associated to V{s) as above (Theoren l4.61 
TheorenOl)- 

By this theorem, we complete the classification of two dimensional split trianguline E- 
representations. These are main contents of this article. 

In the appendix, we study a relation between two dimensional potentially semi-stable tri- 
anguline representations and local Langlands correspondence for GL2(isr). Let V he a. two 
dimensional potentially semi-stable representation of Gk- Fontaine defined a two dimen- 
sional Weil-Deligne representation Dpst{V) ■= Dpst{V) fSJif^n^^ e K oi K from the filtered 

TV, Gi<-)-module Dpst{V) := Ui<-cL,finitc(-Bst ®Qp V)'^^ . By local Langlands correspondence 
for GL2(-f!r), we can attach an irreducible smooth admissible representation 7r(Z?pst(l^)^*) of 
GL2{K) (here Dpst{Vy'^ is the Frobenius semi-simplification of Dpst(y))- Irreducible smooth 
admissible representations of GL2(-fir) are classified into supercuspidal ones and non supercus- 
pidal ones (i.e. one dimensional representations, principal series or special series). Then the 
main result of the appendix is the following. 

Theorem 0.9. (Theorem |^.^[ ) Let V be a potentially semi-stable E -representation. Then the 
following conditions are equivalent. 

(1) V is trianguline, i.e. V (Eie E' is split trianguline for some finite extension E' of E. 

(2) T:{Dpst{y)'^^) is non supercuspidal. 

Notation. 

Let p be a prime number. K is a. finite extension of Qp. ^ is a fixed algebraic closure of K. 
Kq is the maximal unramified extension of Qp in K. K^°^ is the Galois closure of K in K . 
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Gk '■— G&\{K / K) is the absolute Galois group of K equipped with profinite topology. Ok is 
the integer ring of K. ttk G Ok is a uniformizer of K. k := Ok /t^kOk is the residue field of 
K. q = := ttfc is the order of k. Kao '■= K[C,poo) is the extension of K obtained by adjoining 
p"-th roots of unity for every n G N. K'^ is the maximal unramified extension of Qp in 
i^oo, so Ko C K'^. Hk ■■= Gal{K/Koo), Tk Gk/Hk = Ga\{K^/K). x ■ Gk ^ ^ is the 
p-adic cyclotomic character which factors through the inclusion Vk ^ Zp (i-e. <?(Cp") = Cp"^' 

for any p"-th roots of unity ^pi. and for any g G Gk)- Cp :— K is the p-adic completion of 
K, which is an algebraically closed p-adically complete field. Ocp is its integer ring. E is 
a finite extension of Qp such that K'^°'' C E. In this paper, we will write E as coefficient 
of representations, xlt ■ Gk O^ ^ E^ is the Lubin-Tate character associated to the 
uniformizer ttk- recj^ : ^ G^ is the reciprocity map of local class field theory such that 
recif (tt/^ ) is a lifting of the inverse of g-th power Frobenius of k, then xlt ° recif : O^ 
satisfies xlt ° reci<-(7r/f ) = 1 and xlt ° recxl^x = id^x . 
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1 5-pairs and (tp, F^^ )-modules. 

In this section, we recall the definitions and some properties of i?-pairs and ((/?, F/f )-modules. 
In particular, we recall the results of Berger concerning the equivalence between the category 
of i?-pairs and the category of F^f )-modules over Robba ring. 

1.1 Review of p-adic period rings and the definition of i?-pair. 

We begin this section by recalling some p-adic period rings ( [Fo94a| , |Fo94b| , |Be02| ) and by 
recalling the definition of i?-pair ([BeOT]). First let E+ lim^^ Oc^, = lim^^ Ocj, /pOCj, , where 

the limits are taken with respect to p-th power maps. It is known that E"*" is a complete 
valuation ring of characteristic p whose valuation is defined by val(a::) := valp(a:^'^-') (here x = 
(x^"-*) G lim ^^ 0Cp and valp is the valuation on Cp such that valp(p) = 1). In this paper, we 
fix a system of p'^-th roots of unity {e(")}„>o such that e^°^ = 1, (e("+i))P = e'-^K e^^^ ^ 1. 
Then e := (e^"') is an element of E+ such that val(£ - 1) = p/{p - 1). E := E+[l/(£ - 1)] 
is the fraction field of E+, which is known to be an algebraically closed complete valuation 
field of characteristic p containing the subfield Fp((£ — 1)). Gk acts on these rings in natural 
way. We put A+ := VF(E+), Aj= W{E), where, for a ring R, W{R) is the Witt ring of 
R. We put B+ := A+[i], B := A[i]. These rings also have natural continuous Gif-actions 
andj^robenius actions ip, here the topology of these rings are defined by the p-adic topology 
on A+ and A+. Then we have a continuous G/^-equivariant surjection 6 : A+ Ocp ■ 

Sfe!LoP'^[^fe] ^ X]fc!Lo^''°^fe'^' "^here [ ] : E+ — > A+ is the Teichmiiller character. By inverting p, 



7 



we get a surjection B+ Cp. We put := lim B+/(Ker(^?))", which is a complete discrete 
vahiation ring with residue field Cp and is equipped with the projective limit topology of the p- 
adic topology on B+/(Ker(6'))". Let A^nax be the p-adic completion of A+[-l£i], wherep := (p*-"-*) 
is an element in E+ such that p^o) = p, = We put B+^^ ^max[^]. ^max and 

^max have continuous Gx-actions and Frobenius actions ip, here the topology on these rings are 
also p-adic topology. We have a natural continuous Gx-equivariant embedding i?,^ax ■ If 

we put t := log([£]), then we can see that t e Amax, '^{t) = pt, g{t) = x(ff)^ for any g £ Gk and 
Ker(6') = iB^p C is the maximal ideal of -B+^. If we put Bmax := B+^^[\],BdK ■= B^kIj]^ 
which are equipped with the inductive limit topology of prS^ax ^^'^ F'-^dRfo'^ ^'^y ^ -f*^' 
we have a natural continuous embedding Bmax ^ ^dR- We put Be ■— B^-^^, {B^ Q)B^^g := 
n$?Lo'y5"(-Smax) C Smax (thesc are closed sub rings of Bmax), FifSdR := i'^dR foi" ^ny i £ Z. 
We put log([p]) log(p) + ^^=1 ^''C (f " 1)" ^ ^^re log : C^^ ^ Cp is a branch 

of log which we fix in this article. Let i?iog := i3max[fog([p])] ^ BdR. There is a derivation 
N : Biog — > -Biog over i?,„ax such that iV(log([p])) := — 1. We have the following fundamental 
short exact sequence Bl-Ka90, Proposition 1.17] 

O^Qp^ Be(BB+^^ BdR ^ 0. 

Definition 1.1. An iJ- representation of Gk is a finite dimensional i?- vector space V with a 
continuous i?- linear action of Gk- We call E'-representation for simplicity when there will be 
no risk of confusion about K. 

Next we define i?-_B-pair of Gk, which is the i?-coefiicient version of i?-pair. 
Definition 1.2. An iJ-i3-pair of Gk is a couple W = (We,W^^) such that 

(1) We is a finite Be (Eiq^ E'-module with a continuous semi-linear Gx-action which is free as 
Be-module, 

(2) WJ^ C WdR := i?dR "XiBj We is a G/f -stable B^^ (8)Qp £'-lattice, i.e. W^^ is a finitely 
generated B'^^ (^q^ iJ-module which generates WdR as a i?dR E'-module. 

Here Gk acts on B'f(^q^E by g{x®y) := g{x)®y for any g G Gk, x £ B-f, y £ E iorl £ {e, dR}. 

We call _E-_B-pair for simplicity when there will be no risk of confusing about K. And 
we simply call a _B-pair when E — Qp, then this definition is the same as that of Berger 
|Be07[ Introduction] . 

Remark 1.3. Later we will prove that We is also free over Be 0Qp E (Lemma [LT]) and that 
W^^ is also free over B'^^ E fLemma ll.Sp . 

Definition 1.4. Let Wj := {We,j,W^j^j) be E-B -pairs for j — 1,2. Then a morphism of 
i?-i3-pairs / : Wi — > W2 is defined as a Be CEDq^ i?-semi-linear G^f-equivariant morphism / : 
We,i We,2 such that ids^^ f ■ BdR We,i -> BdR We,2 maps to W^^ .^. 

Remark 1.5. Let V be an ^^-representation of Gk- Then := {Be'Siq^V, ^dR'^Qp^) 

E-B-psdr of Gk- By the fundamental short exact sequence ^ Qp ^ Be ® B'^^ B^n 0, 
it is easy to see that the functor V 1-^ W{V) is a fully faithful functor from the category of 
i^-representations of Gk to the category of E'-B-pairs of Gk f |Be07[ Introduction]). 

Next, we prove a technically important lemma concerning to the Bezout property of Be ®Qp 
E. This lemma is a generalization of |Be07[ Proposition 1.1.9] to any coefficent case. 
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Lemma 1.6. ®Qp E is a Bezout domain i.e. a domain and every finitely generated ideal is 
generated by one element. 



Proof. The proof is essentially same as that of jBe07[ Proposition 1.1.9] . First, we have a natural 

isomorphism of rings Be 0Qp E ^ Be ®Qp (Eq igjE,, E) ^ B':^^=^ ®Eo E. (Here Eq is the 
maximal unramified extension of Qp in E and /' — [Eq : Qj,].) Because the natural map 

-^max"^ ®Eo E ^ i?dR is injective by [Co021 Proposition 7. 14], so Be (8)Qp i? is a domain. Next, 
we show that for any f,g G ^Sax"^ ®-Eo E, the ideal generated by / and g in -B^ax"^ ®Eo E 
is generated by one element. For this, we first note that iJ^jg E (for the definition of 
Stg, see 1.2 of this paper.) is a Bezout domain by |Ke05[ Theorem2.9.6] (In the definition of 
|Ke05[ 2.1], if we take -fCo the residue field of £', O := Oe, cr := f-^ '^w{kE) '^^Oei then 

rtn^con -^rig ®-Eo E ■) Bccause we have the injection B!^^^^ ®Eo E ^ ^dglll ®Eo E, for 
large n G Z>q we have t"f,t"g G B^-^ (S)Eo E. Because bI-^ ®Eo E is Bezout, there exists an 
h e Blig®EoE such that fBl^^^EoE+gBl^^^E^E = HBI^^^EoE. And hBl^^^EoE is a cr-module 
over ®Eq E because t"/, t^g are preserved by cr-action. So by |Ke05[ Proposition 3.3.2], we 
can choose the generator h such that (j{h) — n'^h for some fc £ Z. By using the element 
tE & B,tiax '^En E defined in |Co02[ Propositions. 10] and by ICo02| Lemma 8.17]. we get 4- £ 

{Blig[j]y='^(»EoE = B'P[l=^®E„E (Here, for the last equality, we use the fact {bI;^[\]Y'' =^ = 
^ma-x^^j see [Be07| Lemma 1.1.7]). Then we can show that the ideal generated by / and g in 
^max"^ ®Eo E is generated by ^ in the same way as in |Be07[ Proposition 1.1.9]. 

'■E 

□ 

From the above lemma, we get the following lemmas which are also technically important. 

Lemma 1.7. Let We be a finite We (Dq^ E module which is free over Be. Then We is also 
free over Be <E)Qp E. In particular, for any E-B-pair W := {We, W^^), We is finite free over 

Be ®Qp E. 

Proof. Because We is finitely generated over Be ®q E which is Bezout domain, by the remark 
after Lemma 2.4 jKe04| it suffices to show that We is torsion free over Be (8)q E. Let FracBg be 
the fraction field of Be. Because Be ®q is a domain and (FracSg) <S)q E is a. localization of 
Be<S)Q E, SO (Fraci?e) E is also a domain and the natural map Be®Q E ^ (Fraci3e)®Q E 
is injective. And because (FraciJg) (g)Q E is finite over the field FracBe, so (FracBe) <E)q E is 
also a field. Because We is free over Be by assumption, the natural map We ^ FraciJe ® We 
is injective. And of course Fraci?e is torsion free over (FraciJe) ®Q E which is a field. 

By these, we conclude that We is torsion free over Be E. □ 

Lemma 1.8. Let W := {We, W^^) be an E-B-pair. Then W^^ is finite free over B'^^ E. 

Proof. By lemma [TTTl We is free over Be E. So WdR := i?dR ®Se is also free over 
-BdR E. Because E C B^^, we have natural isomorphisms B^^ (g)Qp E ^ ®„.e^b+ ^Ik ■ 
a (g) & 1-^ {aa{b))a {a £ B^^, b e E) and i?dR ®Qp E ^ ®cr-_E-^B+^^dR- By using these 
decompositions, we get decompositions W^^ ^ ®cr-E'~*B+ ^dR a- — * (B^.e^b+ ^dR^cr 
(^dR cr ^^^'^ WdR,<j are the cr-components) . Then, for each a, W^^ ^ a S^j^-lattice of WdR,^- 
So ^ is finite free over B^^ of same rank as that of PKiR^cr over i?dR because B^^ is a 
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discrete valuation ring. And bacause WdK is free over B^k ®Qp E, so WdR^o- have same rank 
for any a. So ^ also have same rank for any a. So W^^ is finite free over B'^^ E. □ 

By using these lemmas, we can define rank, tensor products and duals of i?-_B-pairs. 

Definition 1.9. (1) Let W := {We, W^dii) be an E-B-pair, then we define the rank of W by 
rank(W) := rankB,«„j^E{We). 

(2) Let Wi := (W^e,i, W^dR,,i) and W2 := (W^e,2, W^"^ 3) be -B-B-pairs. Then wc define the 
tensor product of W^i and W2 by Wi>S>W2 := (W^ea<8'B,®Qj,Bl^e,2, W^^^igj^+^^^^^W'^ 2)- 

(3) Let W := (W^e,W/p) be an E-B-paii. Then we define the dual of W by W"^ := 
(HomB^{We, Be),llouyg+ (W^dR' -^cIr))- Here, we define the £^-action on W^^ by a/(a;) 
f{ax) for any a e i;, / e Homs, (VKe, 5^) (resp. / E Hom^^-^ x e We 
(resp. X e W+^). 

Lemma 1.10. Let Wi, W2 be finite free Be iHiq^ E-modules with continuous semi-linear Gk- 
actions. Let f : Wi W2 he a Be f^iOp E- semi-linear Gx-'morphism. Then Ker(/), Im(/) and 
Cok(/) are all finite free over Be 0Qp E. 

Proof. Because Im(/) is finite torsion free Be ®q £^-module, it is free by the remark after 
Lemma 2.4 |Ke04| . From this, we get a splitting (as Be <8)Qp -E-modules) of the short exact 
sequence Ker(/) Wi Iin(/) 0. So Ker(/) is finite over Be (8)Qp E, so Ker(/) is 
finite torsion free over Be E. So Ker(/) is also finite free. By [Be07[ Lemma 2.1.4]. Cok(/) 
is free over Be- Then by Lemma [T771 Cok(/) is free over Be E. □ 



The category of i?-_B-pairs is not an abelian category since cokernels of morphisms do not 
exist in general. We define the exactness in the category of _B-pairs. 

Definition 1.11. Let := (VFe,, , W^"^ be i;-B-pairs of Gk for i = 1,2,3. Let f : Wi ^ 
W2,g : W2 Wz be morphisms of £'-i?-pairs. Then we say that 

^ W^i ^ VF2 ^ ^ 

is exact if the following two sequences are exact in usual sense 

^ We.X ^ We.2 ^ We.Z 0, 
- W^dR,! - W^dR.2 - W^dR,3 - 0- 

Lemma 1.12. Let Wi := {We,i,W+^^^), W2 := (W^e,2, E-B-pairs. Let f : Wi ^ W2 

be a morphism of E-B-pairs. We put Ker(/) := (Ker(/e : We^i VFe,2), Ker(/dR : WJ^ ^ — > 

W+R^2)), Im(/) (lm(/e : We,i ^ M^e,2), Im(/dR : M^dR,i ^ W^dR,2))- Then Ker(/) andlm{f) 
are E-B-pairs. 



Proof. Ker(/e) and Im(/e) are finite free Be Oq^ i?-modules by Lemma [1.101 From this, we 
get the canonical isomorphisms Ker(jdB^j^ fe) ~^ B^ji ®b^ Ker(/e), lm{iddR ®b^ fe) 
BdR^B^ Im(/e)- As for Sjp-modules, -BdR is a flat B^j^-module because Sjj^ is a principal ideal 
domain. So we get the canonical isomorphisms Ker(idBdH '^b+ /dR) — * -BdR €5^+ Ker(/dR), 
Im(idBdR ®s+ /dR) ~^ ^dR 0^+ Iiii(/dR). So we get the natural isomorphisms i?dR 
Ker(/e) ^ BdR Ker(/dR) and B^r^b^ Im(/e) ^ -BdR Im(/dR), i.e. Ker(/) and 

^dR ^dR 

Im(/) are i3-pairs. Because these maps are all J?-linear, Ker(/) and Im(/) are i5-i3-pairs. □ 
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Definition 1.13. Let Wi C W2 be two E-B-pairs such that Wi is a sub E-B-pa,iT of W2. Then 
we say that Wi is saturated in W2 if W^dR,2/^dRi ^ f''^^ B^'j^-module. Then W2/W1 := 
(W'e,2/Wea, M^dk 2/^dR,i) £^-5-pair by LemmaOUl 

Lemma 1.14. Let W\ C W2 he two E-B-pairs. Then there exists unique E-B-pair Wl'^'^ := 
,iy+j^"f ) such that Wi C VFr* C W2, M^e.i = W^f and M^r* «s saturated in W2. We 
call Wf^^ the saturation of Wi in W2 ■ 

Proof. We put W^f := W^^i and put W^^f := VFdRa n W+^_2- Then it is easy to see that 
^/^sat ._ iWl^^ ^W^-^'^) is an E-B-p&vi: satisfying all the desired conditions. Conversely, if 
W[ := (l^i.i, WjR.i) satisfies the same conditions, it is easy to see that ^ satisfies ^ — 
WdR,i n 2- Uniqueness of Wf^'^ follows from this. □ 

Now we can define triangulinc or split triangulinc i?-representations and trianguline or split 
trianguline i?-_B-pairs. 

Definition 1.15. 

(1) Let W be an iS-B-pair. We say that W" is a split trianguline i?-i3-pair if there is a 
filtration = Wq C Wi C • ■ • C H^; = W by sub i^-S-pairs such that for any i, Wi is 
saturated in Wi+i and the quotient Wi+i/Wi is a rank one S-B-pair. 

(1) ' Let W be an i^-S-pair. We say that is a trianguhne i?-i3-pair ifWi^EE' := {We CSb 

E' , iS)E E') is split triangline for some finite extension E' of E. 

(2) Let V be an i?-representation. We say that y is a split trianguline (resp. trianguline) 
_E-representation if 1^(1/) is a split trianguline (resp. trianguline) i?-_B-pair. 

In this paper, we classify two dimensional split trianguline i?-representations. 

Next we recall the generalization of the usual p-adic Hodge theory to the case of i?-pairs 
following |Be07| 2.3]. First we recall the definition of filtered [ip, N, GK)-module over K. 

Definition 1.16. Let L be a finite Galois extension of K. An £'-filtered {(p, N,Gal(L/ K))- 
module over _ftr is a finite Lq ®q i?-module D (where Lq is the maximal unramified extension 
of Qp in L) such that 

(1) D has aFrobenius semi-linear operator (ys^) : D ^ D such that idL^^^D '■ L^^^^p^L^D ^ D 
is an Lq (g)Qp £^-linear isomorphism. (Here ip acts on io ®Qi^ E by if{x ®y) — p{x) (E> y for 
any x G Lq, y e E.) 

(2) N : D ^ D \s an io ®<Qi^ i?-linear morphism such that pLpN = Nip. 

(3) Dl ■— L®L^D has a decreasing filtration by sub L £'-modules ViYDl for i e Z such 
that YiV'-Dl = Dl and FiPDi = for sufficiently large i^O. 

(4) Ga\{L/K) acts Lq E (or L i?)-semi-linearly on D (or Dl) such that 51^9 = ipg and 
gN = Ng and ^(FirDi,) = Fil'Di, for any g G Ga\{L/K) and i G Z. (Here Gal(L/i^) 
acts on L E by g{x ^y) — g{x) ® y for any x £ L, y E E and g G Gal{L/K).) 

We call D an i?-filtered (1^9, iV, GK)-module if D is an £'-filtered ((^9, A^, Gal(L/if ))-module for 
some finite Galois extension L of K. 
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Definition 1.17. Let W := {We,W^-^) be an _E-_B-pair of Gk and let i be a finite Galois 
extension of K. Then we define D^^^^{W) := (-B^ax W^)^^, D^t^) ■= (Aog We)'^^, 
:= (-BdR 'X'Be We)'^'^ , i.e. fixed parts of G^. As in the case of usual p-adic representations, 
we can show that dimLi{D^ {W))^Ta,nkB^{We) where L' — Lq ii 7 ^ {cris,st} and L' = L if 
? = dR. We say that W is potentially cristalline (resp. potentially semi-stable, resp. de Rham) 
if dimL'{Df{W)) = rankB^(PFe) for ? = cris (resp. ? = st, resp. ? = dR) for some finite Galois 
extension L oi K. 

For a potentially semi-stable £'-i?-pair W and for sufficiently large L such that dimLgD^^.{W) 
= rsLukB^We, we can equip D^^{W) with an £'-filtered A^, Gal(i/X ))-module structure as 
follows. The ((y9, A^, Gal(L/i4r))-module strucure on D^^.{W) is induced from the action of (p 
and A^ on i?iog and from the action of Gk on i?iog i^b^ We- The filtration on Dj^^^W) ^ 
L (^Lo D^tiW) is defined by Fil' D^j^{W) := D^j^{W) n t'W+^ C WdR. So we get a functor 
W ^ D^^{W) from the cate gory of potentially semi-stable i^-B-pairs of Gk which are semi- 
stable £^-i?-pairs of Gl to the category of £^-filtered {(p, N, Gal(L/Ar))-modules over K. Berger 
generalized p-adic monodromy theorem and "weakly admissible implies admissible" theorem to 
the case of i?-pairs. 

Theorem 1.18. (1) All de Rham E-B-pairs are potentially semi-stable. 

(2) The functor W ^ D^^{W) realizes an equivalence of categories between the category of 
potentially semi-stable E-B-pairs of Gk which are semi-stable E-B-pairs of Gl to the 
category of E- filtered (ip, N,Gb1(L/ K)) -modules over K. 

(3) The functor W ^ D^.^^^{W) realizes an equivalence of categories between the category 
of potentially cristalline E-B-pairs of Gk which are cristalline E-B-pairs of Gl to the 
category of E- filtered (ip,Ga\{L/ K)) -modules over K. 

Proof. [HiOZ', Proposition 2.3.4], [BiEl Theorem 2.3.5]. □ 

Remark 1.19. An inverse functor of is defined as follows. For an i?-filtered {ip,N, 
Gal(i/A:))-module D over K, put We{D) := {B^t^Lo D)'^^^^^=° and W^dR(^) — Fil°(BdR«)L 
Dl). Then we can show that W{D) := (WeiD), W;l^{D)) is an S-S-pah of Gk- D ^ WiD) 
is an inverse ofW ^ Dsti^) f fHeOTl 2.3] ). 

Remark 1.20. The proof of (2) and (3) of the above theorem is much easier than that in 
the case of p-adic representations, because in this case there are no conditions about weakly 
admissibility of filtered {p, N, G_R-)-modules. 

1.2 rx)-modules over Robba ring. 

In the paper |Be07| , Berger established the equivalence between the category of B-pairs and the 
category of ((/?, rx)-modules over Robba ring B^-^^^. In this subsection, we first recall the gen- 
eral facts about (/'-modules over Robba rings following [Ke06j and next recall the construction 
of Robba ring JSt^ ^ and the definition of {<p, F/f )-modules over 

^dg,K foUowing [Be02] . 

In applications of {p, Fx)-modules to p-adic Hodge theory, the notion of slope and the slope 
filtration theorem of Kedlaya are very important. So we recall the general fact about slopes 
of (/7-modules over general Robba ring and the slope filtration theorem of Kedlaya following 
[Ke06[ 1] . Let L be a complete discrete valuation field of characteristic zero, Ol its integer 
ring, kL the residue field of L. tt^ is a uniformizer of L. Then we define the Robba ring of L 
by TZl {f{x) := J2kez^rix"\an £ L, f{x) converges for any x G i such that r^\x\ < 1 for 
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some r < 1}. We assume that there is an endomorphism (jy^ : L ^ L which is a Ufting of the 
q = -ih power Frobenius on Ul for some / G N and we assume that there is a ^^-semi-hnear 
endomorphism : TZl — > Ti-L ■ J2kei, o-kx'^ ^ J2kei, ^L{ak)4>{x)^ such that 0(x) — G TZl has 
all coefficients in ttlOl- 

Definition 1.21. A 0- module over 72.^ is a finite free 7?.L-module M equipped with cfhsemi- 
lincar action (pM '■ M M such that id-ji^ (pM ■ TIl ^c^.tZl — * M is an 7?,L-linear 
isomorphism. 

The category of 0-modules over TZl is not an abelian category because the cokernel of a 
morphism is not a free 7?.i-module in general. So it is important to know when the cokernel is 
free. 

Definition 1.22. Let Mi C M be a sub (/)-module of a 0-module M over TZl- Then we say that 
Ml is saturated in M if the quotient M/Mi is a free TZ^ module. Then M/Mi is a ^-module 
over TZl. 

Put Ti}^ {f{x) £ T^lWHx)] is bounded in r^|a;| < 1 for some r < 1} = {/(x) — 
'Yliki^z^kX^\{o-k}ki=z C i is boundcd and f{x) converges for any x such that r'^\x\ < 1 for some 
r < 1}. Put 7^'2'* := {Y.kez'^kx'' G 7^z,|a/c G Ol for any k G Z}. Then 7^^'^ is a discrete 
valuation field with the integer ring 7^™' and a valuation on TZ^'^ is defined by w{f{x)) := 
min£z{vL{an)} for any f{x) = X^ngz "^n^" ^ ^l'^j where vl is the valuation of L such that 
= 1. The residue field of TZ^'^ is By the above assumption on 0, (j){x) G 7^^'*, 

(/> preserves TZ^'^ and 7^™* and w{(l>{f)) — w{f) for any / G TZ^*^. Moreover it is known that 
TZl ^T^^'"" ([EiOi Example 1.4.2]). 

Definition 1.23. For a 0-module M over TZl of rank n, the top exterior power A" Af has rank 
one over TZl- Let v be a generator of A"M and write 0(v) ~ rv for some r G TZ^ = TZ^^^ . 
Define the degree of M by setting deg(Af) := w{r), define the slope of M by setting ^{M) := 
deg(Af)/rank(M). It is easy to check that deg(Af) and /x(Af) does not depend on the choice 
of the generator of A"M. 

If Ml, M2 are (/)-modules over TZl^ then we can see that ^(Mi ®til -^2) = fJ-iMi) + fi{M2) 
( [Ke06[ Remark 1.4.5]). Next we define pure slope t/f-modules. Before defining this, we need to 
recall some definitions. 

Definition 1.24. Let M be a (/>-module over TZl and let a be a positive integer. Then we 
define the a-pushforward [a]*M of M to be the i/i'^-module M over TZl such that (/)°-semi- linear 
morphism is defined by (t)%j : M ^ M. 

If AI is a (/)-module over TZl, then it is easy to see that [a],Af is a ^"-module over TZl with 
deg([a],M) = adeg(M), /x([a]*M) = afi{M). First we define pure slope zero i/i-modules, which 
are called etale 0-modules. 

Definition 1.25. A 0-module M over TZl is said to be etale if it can be obtained by base 
extension from a (/)-modulc over 7?.™*, that is, M admits a 0M-stable 7^™*-lattice N such that 
(pM induces an 7^'j!^*-linear isomorphism 7?,'^* -j^iat N ^ N. 

From the above definition, if M is an etale 0-module over TZl, then it is easy to see that 
deg(M) = and ijl{M) — 0. On this setting, we define pure slope 0-modules as follows. (We 
put cl the absolute ramified index of L.) 
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Definition 1.26. Let M be a ^-module over TZl with slope s = c/deL where c,d are coprime 
integers with d > 0. We say that M is pure of slope s if, for some ^'^-module N of rank one 
such that deg(A^) = —c/bl, ([d]*Af) ^ is an etale (^''-module. 

Remark 1.27. In |Be07| . the definition of pure slope ^-modules over Robba ring is different 
from this definition f [Be07[ 1.2]). But it is proved in the proof of [Ke061 Theoreml.7.1] that two 
definitions arc the same. 

Now we can state the slope filtration theorem of Kedlaya. 

Theorem 1.28. Let M be a (j)-module over TZl- Then M admits a unique filtration = 
Mq C Ml C ■ • • C Ml = M by sub (j)-modules over TZl such that Mi C A/^+i is saturated and 
Ali^i/Mi is pure of slope s^+i for any O^i^Z — 1 with si < S2 < ■ ■ ■ < si. 

Proof [KiOSl Theoreml.7.1]. □ 

Next we recall the construction of Robba ring ^ and some related rings following [Be02j . 
First, for rational numbers 0^r^s^ + oo, we put '■= -^^j, the p-adic completion 

of A+[|;|^, -1^] (here t: :— [e] — 1, tt e — 1, so [vf] = [e — 1]). When r = 0, we put := 1 and 
when s — +oo, we put :— 1. We put -B[r.s] '■— ^[r.s][|]. Then we have natural continuous 
Gif -action on A^^^s] and on -B[r,s]. Frobenius induces isomorphisms ip : ^[r,s] ^ ^[pr,ps] and 
(fi : B^r.s] B[p,.,ps], here we equippe these rings with p-adic topology. For r^ro^so=s, it is 
known that the natural map ^ A^^^ is injective. For r > 0, we put B^'^ := i3[r,+oo]7 

fit UryaB^'^, Bjfjg :— r]r<s<+oc>B[r.s] (equipped with Frechet topology defined by any B^^.s]) 
and := Ur>oSrig (equipped with inductive limit topology). Then we have natural inclusions 
-Bt''- c bIi^, B^ C and B^i C M (but Bl^^ g B). Frobenius induces isomorphisms if : 
Btr ^ B^,pr bU ^ B!;Pr ^ and b!. ^ bI-. Moreover we can easily check 

\^ rig rig ' ^ rig ^ rig ^ ^ J 

that Amax ~ ^[o,(p-i)/p]' -Smax = -^[o,(p-i)/p] and Bjig = -B[o,+oo) no<s<+oo-B[o,s]. The 
rings bI-^,B^ are respectively equal to r||s^Q,j, Fj^i-Jfj defined by Kedlaya f [Ke04j ). We recall a 
relation between and B^r- It is easy to see that -B[(p_i)/p.(p_i)/p] = A+{||j, -yli^]. Then 
we have a natural continuous Gi^-equivariant injective morphism ^[(p-i)/p,(p-i)/p] ^ ^dR ■ 
Efe^o a/c(|j)'' + E;^o bii^y ^ Sfc^o M^)'' + J2i^o ^/(^)'- In particular, we have a natural 
continuous inclusion io : bIi^^~^^^''' = r]{p-i)/p^r<+coBi(^p-i)/p,r] ^ -^[(p-i)/p,(p-i)/p] ^dR- 

— t (p—l)v^^^ ~ 

For any n e N, we define a continuous G/f-equivariant injection i„ io otp^" : ^rig ~* 

-°rig ^ ^dR- 

Next we define S^^^g ^nd b\^. We put Ak^ := {Efcfloo ^ C'ifo.Ofc 0{k ^ 

—oo)} and Bkq '■— AkqIj;] where tt :— [e] — 1. Ako is a complete discrete valuation ring such 
that p is a prime element, the residue field is Ek,, ■— k{{e — 1)) and the fraction field is Bkq- 
We can show that Ako C A and Bk„ C B. ip and the action of Gk on A preserves Akq and 
(/j(7r) = {iT + iy — 1 and g{iT) = (tt-I- 1)'<^(^) — 1 for any g e Gk- Let A be the p-adic completion of 
the maximal unramified extension of Akq in A, B be its fraction field. Then ip and the action of 
Gk also preserve A and B. We put Ak A^^^ , Bk B^^^' , sj^. := BKnB^,Blf BkHB''-''- 
By definition, these rings are equipped with natural continuous actions of ip and F^. If we 
put Ek ■= {E^^^)^'^ C E (here -E^^ is the separable closure of Eko in E), it is known 
that Ek is a separable extension of Ekq of degree [Kao '- -K'o(Cp~)] by the theory of fields 
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of norm. Apc is a complete discrete valuation ring such that p is a prime element, the residue 
field is Ek and the fraction field is Bk- Let Kq be the maximal unramified extension of Kq 
in Koc- For sufficiently large r > such that a prime element tteh G Ek lifts to ttek ^ 
B\f, it is known that B\f = {I]fc|^oo "fc^ljc ^ -^o> /(-'^) := Efcl^oo "fe^*" a bounded 
function on X ^ Cp such that < 1}. We put B^Q the Frechet completion of 

B^f and St^^^ := Ur»oB^4A:- ^hen it is known that 5^^^^ = {Efcf-oo "fe^l^ 1"^ ^ 
/(^) := Et^-ooakX'^ converges on X e Cp such that p-^/''''^- ^\X\ < 1}. So bI(Ij,,b1^ j, 
are the Robba rings with coefhcients in Kq. We can show that B^Q C B^-^, ^ C B^jg 
and the Frechet topology on ^^igK ^^'^ induced topology from that on bIQ and ip induces 
inclusions B^l^j^ ^rig,K ^rig.K and F^ continuously acts on B.^^if' -^rig.i^' 

By restricting i„ : bIi^^~^^^ ^ B^j^ to bI-^^^^^^ , we have a Gif-equivariant injection 

J . ot,(p-l)p""' ^ n+ 
■ ^rig.is' ^dR- 

Definition 1.29. An E-{ip, rK)-modulc over ijt^ ^ is a finite ®Qp -E- module D equipped 

with a Frobenius semi-linear action (pu and a continuous semi-linear action of Tk such that D 
is free as bI- ^-module, id„f (8) (po '■ bI- (8i „ nt Z? — > Z? is an isomorphism and that 

the actions of ip and F^f commute. Here p and F/f act on ^ (g)Qp E as p (E) id , j id for 
any 7 S F^f . 

When E = Qp, we omit the notation Qp in the above definition, i.e. we simply call {p^, Tk)- 
modules over ijt^ ^ . 

Next we prove a lemma concerning the freeness over ^ (g)Qp E of an £^-(/3-modules. 

Lemma 1.30. Let D be an E- p-module over j^. Then D is also free as ^ (g)Qp i?- 
module. 



Proof. Let E^ -.^ E D Kl^, f [£;^ : Qp] and I := {g : E'^ E}. Then we have a 
canonical decomposition ^ E ^ (BaeiBl^g ^ ^b^.o- -E'eo-i where is the idempotent 

^rig.K ®Qp corresponding to 1 in -St^^^ ®E^„a -E- Then any component bI-^ ^^ ®E'„,a Ee„ 
is a Robba ring with coefficients in _E, i.e. they are non canonically isomorphic to 7^^;. The 
action of p is given by p{a ® be„) — p{a) ® bcg-^p-n^, for any a G B^^^ ^ and b E E and 

a IE I. Because pIe'^ transitively acts on /, so p transitively acts on the components of this 

decomposition. Because fl/ = /', p^ preserves the component bI-^ ^ ^E'g,<y Ee^ for any a e I. 

Let D be an E-p-modu\e over . Then we also have a canonical decomposition D ^ 

®a(ziDCEgf^^ ^(l^^^E^lis,K®E'„,aEe„ ^ (BaeiD(»E'g,crEea. Then, for any a E I, the component 

-D '^E'g,a Eca is a -St^ ^ ®E'a,(j £^ecr-module which is finite torsion free as i^t^ ^-module. So it 
is free as s/ig^^-module by |Ke04|, Proposition 2.5]. Because B^^^ j^ ®E'g,a Ee^ is also a Robba 
ring, in particular, is a Bezout domain and because the natural map ^ ^ ^ ®-Eo,(t B 
is injective, then it is easy to see that D ®E'g,ij Ee^ is finite torsion free over ^ ®£;^,<t -Be^. 
So it is free over b\^ ^ ^E'^.a Ee^ for any cr g / by [Ke04[ Proposition 2.5]. Then we can take 
a basis {wiBo-, • ■ • , WfeCo.} of D ^E'^.a Ee^ over ijt^ ^ ^Bq.o- ^^o- for any fixed a G I. Then 
{(^^(wOe^^-l ,(p*K)e^^-.| } is a basis of £)(8)£;/ <,^-.| £;e^^->| for any O^i^/' - 1 

by the Frobenius structure on D. Then {J2i=o^ </''(^'i)e<T<p-|E^ : ' ' ' i I]i=o^ V'(«fc)e<T^-'|E, } is a 
basis of over B^-^ ^ So I? is a free B^-^ ^ (g)Qp i5-module. □ 
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By this lemma, we can define the rank and the tensor products and the duals of E-{ip, Tk)- 
modules as follows. 

Definition 1.31. (1) Let D be an E-{ip,rj()-modu\e over B^^^j^. We define the rank of D 
by rank(Z?) := rank^t e(^)' ^-^^ rank of D as free ^ £'-module. 

(2) Let Di, D2 be Fj^ )-modules over ^. Then we define the tensor product of Di 
and D2 by I?i ® D2 := p^2, which is a free b]- ^®q _E- module by Lemma 

rig, K" ^ •ip ^ ' 

11-301 on which ip and act by (pDi(»D2 fDi ^ ^ VD2 and 7 „t j.,, ^ 7 ^^"^ 
any 7 £ F^. 

(3) Let D be an £'-((p, F)-module over B^.^^^. Then we define the dual of by Z?^ := 
Hom^t (D, here i?-action on I?^ is defined by a/(a;) := f{ax) for any a e E, 

Next we prove the slope filtration theorem for E-{ip, Fx)-modules over ^. 

Theorem 1.32. Let D be an E-{ip^T k) -module over B^^^ ^. Then D admits unique filtration 

= Z?o C Di <Z ■ ■ ■ <Z Di = D such that Di is an E-[ip, V K)-module over B^^^ ^, Di is saturated 
in Di^i and the quotient Di+i/ Di is pure of slope Si+i for any Q^i'^l—1 with si < S2 < ■ ■ ■ < si. 
Here the slope of an E-{ip,T k) -module M is the slope of M as (p-module over B^jg ^. 

Proof. Let D be an Fx)-module over stg^- Then, by the slope filtration theorem 

(Theorem ll.28p . D admits unique filtration = Dq C Di C ■ ■ ■ C Di = D hy sub (/j- modules 
over iJjfjg such that Di is saturated in -D,;+i and the quotient Di^i/Di is pure of slope s^+i 
for any 0^«^/ — 1 with si < S2 < ■ ■ ■ < si. Then the action of E preserves Di for any i by 
uniqueness of filtration. So Di and Di+i/Di are £'-</5-modules over ijtg ^ for any i. For any 
7 G Tk, C j{Di) C • • • C 7(A) = D also satisfies the same conditions as C Di C ■ • • C D 
by the commutativity of Tk and (p. So we get ^{Di) = Di for any i and 7 G Fa- by uniqueness 
of filtration. Hence Di and Dij^i/Di are i?-((y9, Fj^)- modules over ^ for any i. □ 

In particular, it follows from the above theorem that when D is rank one, then D is pure of 
slope s for some s G Q. Concerning this slope s, we know more precise information as follows, 
which we need to classify rank one i?-_B-pairs. 

Lemma 1.33. Let D he a rank one E-{lp,T k) -module. Then D is pure and the slope fJ-{D) is 
contained in -r^li. 

Proof. The claim that D is pure follows from the above theorem. We prove that IJ.{D) is 
contained in jj^Z by using the Tk structure on D. First we consider the following short exact 
sequence of finite groups 

1 ^ Gal{E'JKo) ^ GaliE'a/Qp) -> Gal(ifo/Qp) ^ 1- 

Here we put E'^ := E n D Kq. We put /" := [£^0 : ^0] and /' := //" = [S^ : Qp]. Then 
we have a natural surjection Tk Ga.\{Kl^K/K) ^ Gal{KQ/Ko) Gal(i?o/ifo)- So, if we 
consider ip (which acts on ^) as an element in Gal(i?o/Qp), there is a 7 G F^ such that 
(pf = J in Gal{E'fj/ Kq). On this setting, we consider a rank one E-{ip, rK)-^odn\e D over 
4g,A- Put I := {a : E'o ^ E} ^ Gal(i?^/Qp) and D, := D ^M^^^^^^ bI^ j, ^e^,.. E for 
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any a E I. Because D is rank one, Z?o- is a rank one free _Blg ^ ®£;j,ct i?- module. Take a base 
Co- of Do- for any a E I. Then sends /^o- to D^^-i and 7 S Tk sends Da- to iI'o-7-i- We 
calculate the slope of D as follows. Let ei be a base of Did corresponding to id € Gal(i?o/Qp). 
Then we have (p-^ (ci) = ae^-/ for some a e B^-^ ^ ®E'^,ip-f ^- Because ip^ ~ ^ E Gal(i?Q/A'o) 
and 7 induces an isomorphism 7 : ^ -D-^-i , there exists some [3 G -Bjfjg ^ ®E'„.id E such that 
7(/3ei) = ae^-i. Because the actions of <p and 7 commute, we have tp^^ {ei) = ipf{ae^-f) — 
<ff{ae-,-i) = iff Wei)) = 7(^^(/3)<^^(ei)) = {f3)j{Pei)) = j{ipHP))j^{(3)j\ei). Re- 
peating this procedure, we get c/j^-'' (ei) — ^{ip^^-^ ^^^0))j'^{p^'^^ ~^HP))'''1^ {0)7^ i^i) 
/3cei (Here we put ;9 := 7(</3-''(-'"~^^(/3))7^((^^*^''"^^)(/3)) • • • 7-'"(/3) and j^" (ei) :— cei for some 
c G i?tg x®E'^M-E because 7-'' — id £ Gal(i?o/Qp)). Then Di^; is a rank one (p-''-^ -module over 
-^rig A" ®E'Q,id E of slope Wi -|- Wi(c), where wi is the valuation of (-S^ig k ®E'^,id E)^'^ which 
is the natural extension of the valuation of (-B^ig j^)^'^ — B\^. Because p and 7 does not change 
valuation, we have wi (/?) = f'wi (/3) G 7^^- Because Tk acts continuously on D and Tk ^ , 
we have wi(c) = 0. So the slope of Di^ as (yS-''-^ -module over ^ ®E[^.id E is contained in 
I^Z. We can easily see that the slope of Did as -module over ijt^ ^ ®E'„,id E is same as the 
slope of Did as p^^ -module over ^. So Did also has slope wi{(3) € as -module 
over Stg ^. Using the Frobenius structure on D, we can show that D^ also has slope wi(/3) as 
ip^^ -module over stg for any a & I. So D also has slope wi{P) as t/?-'^-'' -module over stg ^. 
Because /i([//"],D) = ff"fi{D) by [liMl Remark 1.4.5], D has slope G jfc^ = /i^^ 

as (/?- module over i?tg ^ . We have finished the proof of this lemma. □ 

Next we prove a lemma concerning a relation between tensor products and slopes. 

Lemma 1.34. Let Di, D2 be E-{p,T k) -modules over i?^^ ^ which are pure of slope si, S2 
respectively. Then Di (g) D2 is pure of slope si + S2. 

Proof If we decompose S^g./f ®Qp E ^ ^ct-.e^^eBIi^j^ ®E^,cr Ee^, we can decompose Di, 

D2 into a components, Dj ^ (Ba-.E'^^EDi^a for i — 1,2, where Di^cr is the D^g ^ ®E'g,a E 
component of Di. Then, by the proof of Lemma [1.331 and by |Ke06[ Lemma 1.6.3], we can see 
that Di^a is a p^^ -module over b]-^^ p. ^E'^.a E which is pure of slope ff'si for any a and 
I = 1, 2. So Di cr <Xi Rt « p D2 (J is a p^ -vcLoAnle over fit ,^®e' a E which is pure of slope 
//"(si + S2) by |Ke06[ Corollary 1.6.4]. Because Di ® D2 ^ ©.tiB^-^bDi^,, (^^t ^ , b £'2,^, 

we can show that Di (g) D2 is a module over ijt^ which is pure of slope si + S2 in the same 
way as the proof of Lemma [1.331 and by using [Ke06[ Lemma 1.6.3]. □ 

1.3 Equivalence between i?-pairs and r;i^)-modules. 

In this subsection, we recall a result of Berger on the equivalence between the category of B- 
pairs and the category of ((/?, rx)-modules over i?t ^. First we recall the construction of a 
functor from r^)-modules to i?-pairs f [Be07l 2.2]). Let D be a (1^, r^)-module of rank d 
over ^. Then Berger showed that We{D) := 01- [^] (g) t D)'^=^ is a free De-module of 

°' rig, if 

rank d ( [BeOTi Proposition 2. 2. 6] V It is equipped with a continuous semi-linear G^-action. On 
the other hand, for sufficiently large tq > 0, we can take unique r^-stable finite free dV^- 
submodule D*" C D such that Dt ^ ®„t,>- D^ = D and id„\.pr (g) ■ ^uiB^-^ 
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^ DP"^ for any r^ro f [Be041 Theorem 1 . 3 . 3] V Then Berger showed that the continuous 
Gx-module WI^^{D) := B^j^®. t.(p-i)p"-i ]j(p-^)p over B^^ is independent of any n such 

that (p— l)p"~^^ro and showed that there is a canonical GK-isomorphism B^k^b^ We{D) ^ 
BdR(^B+^ ^dR(-D) ([Bi0aProposition2.2.6]). We put W{D) {We{D),W^j^{D)). This is a 

B-pair of rank d. This defines a functor from the category of (9?, rx)-modules over ^ to 
the category of _B-pairs of Gk- 

Remark 1.35. We can also define an inverse functor from the category of _B-pairs to the 
category of (1^, F/f )-modules f }Be07| 2.2]). but the definition of this is very difficult. In this 
paper, we do not need this construction. So we omit the definition of this functor. We denote 
this inverse functor by W D{W). 

Theorem 1.36. The functor D W{D) is an exact functor and this gives an equivalence of 
categories between the category of E-[(p^T -modules over B^^^ ^ and the category of E-B -pairs 
ofGK- 

Proof. For Qp-coefficient case, it was proved by Berger ( |Be07[ Theorem 2 .2. 7]). Let D be an 
i?-((y5, Fx)-module over B^-^^, a e E. Then the multiplication by a gives an endomorphism 
of D as Qp-((/3, Fx)-modules. From the functoriality, these multiplications give an .E-action 
on W{D). So W{D) is an £^-i?-pair. For any E'-B-pair W, we can define in similar way the 
i?-action on D{W). So we get the desired equivalence. □ 

If we restrict the functor D i—> W{D) to etale Fx)-modules, we get the foUowng 

theorem. 

Theorem 1.37. The functor D 1-^ W{D) gives an equivalence of categories between the 
category of etale E-{ip^T k) -"modules and the category of E-B -pairs of the form W{V) for some 
E -representation V . 

Proof. HiOZl Proposition 2.2.9]. □ 

Definition 1.38. Let W be an E-i3-pair and s G Q. Then we say that W is pure of slope s if 
D{W) is pure of slope s. 

Remark 1.39. In fact, we can define directly B-pairs with pure slope without using [lp^Vk)- 
modules, but we omit this definition in this article (see |Be071 3.2]). 

The next theorem is the _B-_B-pair version of slope filtration theorem. 

Theorem 1.40. Let W be an E-B-pair. Then there exists unique filtration — Wq C Wi C 
■ ■ ■ C Wi = W by sub E-B-pairs of W .such that Wi is saturated in Wi+i and the quotient 
Wi+i/Wi is pure of slope Si for any i with Si < S2 < ■ ■ ■ < si. 

Proof. This follows from Theorem 11.321 and Theorem 11.361 □ 
Lemma 1.41. Let W be a rank one E-B-pair. Then W is pure and its slope is contained in 

Proof. This follows from Lemma ll.331 □ 
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1.4 Classification of rank one E-B-pairs. 



In this subsection, we classify rank one i?-_B-pairs. By lemma ri.4H any rank one E-B-paiis 
are pure and their slopes are contained in jj^"^- We fix a prime element tte of E. First we 
construct a special rank one £'-i?-pair Wq which is pure of slope j^. To construct this, first we 
define a rank one i?-filtered (/^-module Dq over K, which corresponds to Wq by -D^is- (Here, for 
any i?-filtered {(p, N)-modu\e D, we can define the rank of D by rank(£') :— rankKa(s>q^E{D) 
because we can show that Z? is a free Kq ®Qp i?-module in the same way as in the case of 
£■-((/?, ri<-)-modules over iJ^igA"-) Let Dg := Kq (^q^ Ee ^ (Ba-.Ko'^EEea be a free rank one 
Kq module. We define a filtered ((9- module structure on Dq as follows. Define a i^Tg <8>Qp E- 

semi-linear action of ip on by ip{eid) := e^-i, ip{e^-i) := 6^-2, • • • , ip{e^^u-2)) := e^-cz-i), 
(/3(ey-(/-i) ) := TTEBid, i,e a iy9-module such that ip-^ = tte- We define a decreasing filtration 
on Dq^k ■= K ®Ko Dq by FH'^Dq^k ■= Dq^k, FH^Dq^k '■= 0. Then Dq is a filtered i^j-module 
over K with a natural _E-action. For any i^O, then Df^ is the rank one i?-filtered iy9-module 
such that (pf = 7r|j and Fil°i:>®^ = L>®^ and Fil^i:>®j^ = 0. If we put L>®"^ := the dual 
of Do defined in the same way as in the case of -E-B-pairs, then we can see that Df~^ is an 
i;-filtered ^-module such that (pf = tt^^ and Fifuf ]^^ = D®]^ and Fil^D®^^ = 0. Moreover, 
if we define the tensor products of £'-filtered {ip, A^)-niodules in the same way as in the case 
of £'-(iy9, F if) -modules, then we can see that Df~^ ® Dq is the trivial fi'-filtered (/7-module. So 
Df' is weh defined for any i e Z and satisfies D®^ ® D®^ ^ D^'+^ for any i, j G Z. 

By "weakly admissible imply admissible" theorem for i3-pairs (Theorem [TTTH] (3)), Wq := 
W{Do) = {WeiDo), 1^/1^(1^0)) is the rank one cristalline E-B-pair such that D^^-^iWo) ^ Do- 
Lemma 1.42. Wq is pure of slope . 



Proof. Because Wq is rank one, Wq is pure by Lemma ri.411 So it suffices to show that the slope 
of Wq is equal to j^. In [Be041 2.2], Berger defined a functor D M{D) from the category of 

filtered {ip, N, Gi^- )-modules to the category of (locally trivial) (</?, F_R-)-modules over ijt^ ^. In 
[Be07i Proposition 2.3.4] . he showed that M{D^^{W)) = D{W) for any potentially semi-stable 
B-pair W and for sufficient large L. By this compatibility, we have D{Wo) ^ A4{Do). On the 
other hand, for a rank one filtered {ip, N)-modu\e D, the slope of Ai{D) is equal to tM{D) — 
tniD) by [Be04i Theorem4.2.1]. Here, for a rank one filterd {(p, 7V)-module D := Kqc, we define 
tN{D) := valp{(p{e)/e) and define tniD) as unique integer k such that Fil'' {Dk)/^^^''^^ (Dk) ^ 
0. Because ^(A*M) = i^{M) for a iy9-module M over Robba ring, we have /x(D(Wo)) = 
fi{M{Do)) - ^;,(A[^^Q-lA^(Do)) = f^(t^(A[^^Q^lDo) -tff(A[^^«-lDo)). By definition 
of Dq, it is easy to see that ijv(A[^^Q''l£'o) = ^^f^, tHiA^^'^"^ Dq) = 0. So we get fi{M{Do)) = 
liniM"^ ^ T~' ^^'^ slope of Wq is -r— by definition of the slopes of iJ-B-pairs. □ 



By using Wq, we can classify all the rank one £'-i?-pairs as follows. Let S : E^ be a 

continuous character where K and E are equipped with p-adic topology. We put 6(ttk) '■= w^e 
for u G and i G Z. We put Sq : ^ the unitary continuous character such that 
^oIqx — ^\o>^ and (5o(7rif) :— u. Then by local class field theory, this extends uniquely to 

a continuous character ^0 : Gk such that Sq o rec^ = Sq, here rec^ : ^ 

is the reciprocity map as in Notation. Then we put W{6) := ^^(^^(^o)) ® Wq®\ By the 
definitions of tensor products and duals, we can see that these are compatible with tensor 
products and with duals, i.e. W{5i) ® W{52) ^ W{5i62) and W{5iY ^ W{5^^) for any 
characters 81,82 ■ ^ E^ . In particular we have W^^ ^ W{Df'-) for any j G Z, so Wq®* is 
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pure of slope by Lemma [1.341 and Lemma [1.421 for any i e Z. Then we have the following 
lemma. 

Lemma 1.43. Let d : be a continuous character. Then the E-B-pair W{S) does 

not depend on the choice of a uniformizer of E and on the choice of a uniformizer nj^ of 
K. 



Proof. Because does not depend on the choice of a uniformizer ttk of K , so W{5) does not 
depend on ■uk- Let tt^ = wtt^ be another prime of i? (w G O^). Put a rank one £^-filtered Lp- 
module over Kq defined by replacing tie with tt^ in the definition of Z?o- Put := W{D'q) the 
corresponding i?-_B-pair. If we write S{TrK) — uir^^ — then Sq\^x — (JqIo^ ~ '^lo'^ 

<5o(7rK) = u and i'^i-KK) = uv-\ Then it sufiices to show that W{E{5o)) ^W^"- ^ W{E{5'q))® 
Wq*^*. Because 5q/5q is a unramified character, it suffices to show that D^;g(i?((5o/(5o)) ^ D®"^® 
D®~^ as £'-filtered (/^-modules. By calculation, £)^;g(£^(5o/^o)) ^ ®Qp Ee on which acts 
by (ff (e) = (fo/<5o(7rK)e = (u/ut;"')e = w*e. By definition, ip acts on O'^f'^Df''' = Ko^q^Ee' 
by ip-^ {e') = {n'^/TTEYe' — v^e' . So these are ismorphic as (/^-module. Concerning the filtrations, 
FifD^^{E{So/S'o)) = D^^{E{So/S'o)) and Fil^ D^^{E {So/ S'^)) = because So/S'o is a unramified 
character. On the other hand, Fifo'^^®^ ® Df '' = d'^^ (g) Df '' and Fil^Dg®^ ® Df -' = by 
definition of Dq and D^. So, these are isomorphic as £^-filtered 93- modules. □ 

Remark 1.44. We can also show in the same way that W{d) defined here is isomorphic to 
W{6) defined before Theorem 0.1 in Introduction. 



The classification theorem of rank one i?-_B-pairs is the following. 

Theorem 1.45. Let W be a rank one E-B-pair. Then there exists unique continuous character 
S : K''^ E"" such that W ^ W{S). 



Proof. Let be a rank one £'-i?-pair. Then, by Lemma ll.41[ W is pure of slope for 
unique i £ Z. Because Wq is pure of slope by lemma [Ha W ® W^'' is pure of slope zero 
by Lemma 11.341 So, by Theorem 1 1.371 there exists unique continuous character 6q : Gk ^ 
such that W ® Wf'' ^ W{E{5a)). So W ^ Wf' ® W{E{5o)). If we define a continuous 
character i5 : E^ such that SiiVK) ■— Sq o recif (TTif )7r^, Jj^^x = 60 o reci^j^^x , then we 

have W ^ W{S) by the definition of W{6). The uniqueness of 5 follows from uniqueness of i 
and Sq above. □ 



Next we recall some facts about Sen's theory for B-pairs to define Hodge- Tate weight of 
i3-pairs. Let f7 be a Cp-representation of Gk, i.e., C/ is a finite dimensional Cp-vector space 
equipped with a continuous semi-linear G/f-action. Then the union U^^^ of finite dimensional 
sub-ii'oo-vector spaces of t/^^ which are stable by Tk is the largest subspace with this property 
and satisfies Cp^^oo f^fhif ~^ U (cf. [Be07[ 2.3] and the reference there). Then U^J^ is equipped 
with a iiToo-linear operator Vj/ := log(7)/log(x(7)) for any 7 e Tk which is sufficiently close 
to 1. 

Definition 1.46. Let be a i?-pair, then W'^/tW^ is a Cp-representation of Gk- We put 

DseniW) := {W+JtW+^)l'<^ and put Gsen.H^ : = 

^1^+ /w^' 'P'^^^ ^^^^ W is Hodge- 

Tate if Gscn.iv is diagonalizable and all the eigenvalues are contained in Z. Then we call these 
eigenvalues the Hodge- Tate weights of W . 
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By using this definition, we calculate the Hodge- Tate weights of rank one E-B-pair. Let 
W{S) be a rank one E-B-pair for some continuous character 6 : — > E^ . If we put W{6) ^ 
W{E{So))'EiW^' as above, then we have W{S)jj^ ^ B+^(g)(j^E{do) because W+^^ ^ B+^^iEiq^E 
by the definition of Wq. So W+^{S) comes from an i?-representation E{So). In particular 
W+^{d)/tW+^{d) ^ Cp®Q^E{So) also comes from E{So). Then, by (Be^CoOZl Proposition4.1.2] 
and the remark after this propositon, DscniW{S)) is a free Kao <8)Qp -E-module of rank one and 
the operator 6son,iv((5) acts by multiphcation by w{S) on Dscn{W{S)) for some w{S) G KfSiQpE. 
If we decompose w{S) into a-components K E Qcr-.K^sEe^ : w{5) t-^ {w{6)crea)- Then 
W{6) is Hodge- Tate i?-pair if and only if w{S)cr is contained in Z for any a. 

Definition 1.47. In the above situation, we say the set of numbers {'w{6)a}a the generalized 
Hodge-Tate weight of W{S). 



2 Calculations of cohomologies of E-B-pairs. 

For classifying two dimensional split trianguline i?-representations, we need to calculate the 
extension groups Ext"^(W2, VFi) of i?-i3-pairs of Wi by W2 for rank one _B-J5-pairs Wi, W2. 
In this section, we define Galois cohomology W{Gk,W) for any £^-i3-pair W and interprete 
B'^{Gk,W) as the extension group Ext^{BE,W). ( Here Be ■= {Be i^q^ E,B^^ (g)Qp E) is 
the trivial i?-_B-pair.) Next we review Liu's results ( |Li07| ) which are generalizations of Tate 
duality and Euler-Poincare characteristic formula to the case of F/^ )-modules over ^. 
Finally we calculate some Galois cohomologies of £'-i?-pairs which we need for classification of 
two dimensional split trianguline £'-representations. 

2.1 Definition of Galois cohomology of E-B-pairs. 

Let W :— {We,W^^) be an E-B-paii. We define the complex of Gi^-modulcs C'{W) by 
<5o : C^iW) We © W+, -> C^W) := WdR : {x,y) ^ x ~ y, C'{W) = for z 7^ 0, 1. 

Definition 2.1. Let W := {We,W^^) be an E-B -pair. Then we define the Galois cohomology 
of W by W{Gk, W) := (G^, C*{W)). Here the right hand side is the usual Galois cohomol- 
ogy of a complex of continuous Gi<--modules which are computed by using continuous cochain 
complexes. 

By definition, we have the following long exact sequence 

. (Gk, VF) -> R\GK,We) ® ff (Gk, W+,) ^ ff (Gk, WdR.) -^W+\Gk,W)^--- . 

From this, we get the following. 

(1) Il°{GK,W)^{WenW+^f'<. 

(2) There exists the exact sequence of i?- vector spaces 

^ Ker(Hi(GK,T^e) ® h1(Gk, W+r) -> Hi(GK,M^dR)) ^ 0. 

Next, for any i?-_B-pair, we construct a canonical isomorphism 

R\Gk,W) ^Ext\BE,W), 
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where the right hand side is the extension group in the category of _E-_B-pairs. For any con- 
tinuous Gif-module V, we functorially define the diagram C^{V) — > C^{V) — > C^{V) as 

5o Si 

foUows: 

(1) G°{V) :=¥, 

C'(V) {/ : G^' F a continuous function} for i ^ 1,2. 

(2) ,5o : CO(F) -^C'{V):x^{g^gx~ x), 

Si ■■ GHV) - CHV) : / ^ ((31,32) - /(siffs) - /(ffi) ~ 51/(52)). 

Then we have R°iGK,V) ^ Ker((5o), il\GK,y)_^^ Ker((5i)/Im((5o). So, for any £;-B-pair W, 
we have R^{Gk ,W) ^ Ker((5i)/Im((5o), here ^o, ^1 are defined by 

~6o : C°{We)®C°{W+,) -> C\We)®C\W+,)®C°{Wdn) ■ (x,y) (5o(a;), ^0(2/), - y), 

~6i : Ci(W^e) © Ci(W^dR) ® C^°(W^dR) ^ C2(W^,) © C\W+,) ® ^^(W^dR) : (/i,/2,x) ^ 
('5i(/i),<5i(/2),/i-/2-<5o(a:)). 

By using this expression, we define a map 11^{Gk,W) Fjxt^{BE,W) as foUows. Let 
(/i5 /2, ct) £ Ker(^i). Then we define an i5-i3-pair X := {X^, X^^, l) as foUows: 

(1) Xe := VFe © (Be ®Qp i?)ecris on which Gif acts by g(x, aecns) := {gx + gafi{g),gae„is) for 
any x £ a e Be ®Qp E and g e G/<-. 

(2) -'^dR := W^dR ® (-^dR ®Qp -E^)edR on which Gk acts by g(?/, 6edR) (.gy + 5^/2(5), 5^edR) 
for any 1/ e W^, 6 G (g)Qp £■ and g G G^. 

(3) t : BdR(g)B,^e ^ ^dRiXi^+^^^R : (x,aecris) ^ (tH'(a;)+aQ;, aedR) for any a; G Bdn^B^We 
and a G i3dR ^Qp -E. Here, : ^dR "Xis, W^e — > ^dR '^b+ ^dR, given isomorphism 
in the definition of -B-pair W = (We, W^^, lw)- 

(Here we see an £'-i?-pair W as a triple W := {We,W^^, lw) such that We (resp. W^^) 
is finite free over Be (SJQp -E (resp. B^^j^ i?) with continuous semi-Hnear Gif-actions and 
Lw ■ BdR ®Be ^ ^^dR ®B+ W^dR, ^ G/f-cquivariant BdR ®Qp E'-semi-hnear isomorphism. 

Then this definition is equivalent to Definition II. 21 ) Because (/i, /2, a) G Ker((5i), we can easily 
see that X is a well-defined _E-_B-pair which sits in the following short exact sequence 

^ X ^ Be ^0. 

So we can see the isomorphism class [X] of the extension X as an element in Fjxt^{BE, W). By 
construction, we can easily see that this defines an i?-linear morphism Ker(5i) Ext^(-B_B, W). 
Then, by standard argument, we see that this morphism factors through Ker((5i)/Im(5o) —^ 
Ext^ {Be, W) and that this is in fact i?-linear isomorphism. So we get the following proposition. 

Proposition 2.2. Let W be an E-B-pair. Then we have the following functorial E-linear 
isomorphisms. 

(1) R"{Gk,W) ^ {We n W+^)°^ ^ }lom{BE, W), here Hom(Wi, W2) is the E-vector space 
of morphisms in the category of E-B -pairs from Wi to W2 for any E-B -pairs Wi, W2- 
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(2) n\GK,W)^Ext\BE,W). 



Proof. We have already proved (2). For (1), it is easy to see that (WeClW^^)^ = Hom(i?Qp , W) 
for any Qp-_B-pair W. Because ]iom{BQ^,W) — llom{BE,W) for any ii^-B-pair W (here on 
the left hand side, we see W as Qp-B-pair), so we get (1). □ 

Remark 2.3. In the case of = ly(V') for an £'-representation V of G^, we have W{Gk, V) ^ 
}i^{GK,W{V)): indeed, by the fundamental short exact sequence — > Qp — * ® -Bj^ 
BdR 0, we have a quasi-isomorphism V[0] ^ C* {W{V)). 



In the application to classification of two dimensional potentially semi-stable split trianguline 
i?-representations, we need to know when an extension is cristalline, semi-stable or de Rham 
iJ-_B-pair. So, as in the case of usual Galois cohomology of p-adic representations, we define 
Bloch-Kato's cohomologies H1(Gk,M^), R}{Gk,W), and RI{Gk,W) ( |B1-Ka90[ 3]) as follows. 

Definition 2.4. Let W := {We, W+^) be an E-B -pair. Then we define 

RI{Gk,W) ■.= Ker{H\GK,W) ^R\GK,We)), 

H}(Gk, W) := Ker(Hi(GK, T^) -> H^Gk, ^cris ®Se We)), 

H1(Gk, W) := Ker(Hi(GK, W) ^ R\Gk, W^r)). 



Here the above maps are induced by the natural maps C*{W) — > We i^cris '^b^ We — > 
BdR <»B,We^ WdR, so we have natural injections }il{GK,W) C R}{Gk, W) C H1(Gk, W). 

Remark 2.5. If is a cristalline (resp. de Rham) i?-_B-pair, then [X] e Ext^ {Be, W) ^ 
R^{Gk,W) is in H^(Gif,W^) (resp. in }lg{GK,W)) if and only if X is a cristalline (resp. de 
Rham) i?-_B-pair. 

As in the case of usual p-adic representations, we have a dimension formula of Hj {Gk , W) 
and Hg(GK, W). Before stating this, we prove the following lemma. 

Lemma 2.6. Let W be a de Rham E-B-pair. Then the canonical map \i^{GK,W^Yd ~^ 
Hi(Gi<-,WdR) is injective. 



Proof. The proof is the same as that in the case of p-adic representation f [Bl-Ka90l Lemma 3.8.1]), 
but we give the proof for the convenience of readers. Consider the following short exact sequence 

From this we have 

dimB(DdR(T^))^dimB(W+f-) + dimE{{WdR/W+,)'^'') 
^^dims(Cp(*) ®c, (VCA^dR))''" 

= rank(VK) ^ dimis(i:>dR(W^))- 

Here we use the fact that de Rham i?-pair is Hodge- Tate and W is de Rham. So the map 
WdR (W^dR/Wd+j^)*^^ is surjective. Hence the natural map li^{GK,W;l^) H1(Gk, WdR) 
is injective. □ 
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The dimension formulas are as follows. 
Proposition 2.7. Let W be a de Rham E-B-pair. Then we have 

dimB(H}(Gi^,M^)) - dimB(Dfj^(M/)/Fil°i?fj^(VK)) +dimB(HO(GK,T^)), 

Proof. This proof is essentially the same as that of |B1-Ka901 Corollary 3.8.4]. First we consider 
the following short exact sequence 

— ^ Be ^ -Bcris ^ Bcris " ^ 0. 

Tensoring by We over Be, we can easily see that C'{W) is naturally quasi- isomorphic to 
C''{W) := {Weris ® ^ Wcris ® W^dR : {x,y) ^ ((1 - ip)x,x- y)) (Here we put Wcris := 
J3cris €5Be W^e)- So, by definition of Hj- and by the above lemma, we have the following two 
exact sequences 

^ H"(Gk, W) -> D^,,,{W) ® Fif D^^iW) D^,,,{W) ® DfH(W^) ^ H}(Gk, ^ 0, 

H«(Gk, W) -> © Fil°7?^R(W^) ^ i^fR(M^) ^ h1(Gk, W^) ^ 0. 

From these, we get the desired formulas. □ 

2.2 Euler-Poincare characteristic formula and Tate local duality for 
S-pairs. 

In this subsection, we review Liu's results genaralizing some fundamental results of Tate on 
Galois cohomology of p-adic representations, following jKe07j and [Li07| . Liu constructed a 
category of B-quotients, which is a minimal abelian category in which the category of B-pairs 
is contained as full subcategory. Then he defined the Galois cohomology of B-quotients as the 
univerasl 5-functor of HLiu(W^) llom{BQ^,W) for any B-quotient W (here Hom is the set 
of morphisms of B-quotients). In this paper, we denote this cohomology as }il^-^^{GK, W) for a 
B-quotient W. Then it is shown in [Ke07| that there exists the isomorphism HI^-^J^Gk, W) ^ 
Ext^{BQ^,W) for any B-pair. So, for any B-pair W, we have isomorphisms 11^{Gk,W) ^ 
^UuiGK,W) and B"{Gk,W) ^ RI-JGr^W). For any Qp-representation V of Gk, it is 
shown in |Ke07| that there is a functorial isomorphism H*(Gk, V) ^ IlLj^(Gi<-, VF(F)) for any 
I G N. In this paper, we review the results only for B-pairs. 

Theorem 2.8. Let W be a B-pair. Then 

(1) For i~0,l,2, 111^^^{Gk,W) is finite dimensional over Qp and ^^^^{GkjW) = for i ^ 
0,1,2. 

(2) We have ELo(-l)'diniQ^Hj^iu(GK, W) = -[K : ranks, (W^e). 

(3) There is a natural perfect pairing 

Rl,^{GK,W)xRlr^iGK,W''{x)) RI^{Gk,W®W^ (x)) ^ hL(Gk, T4-(Qp(x)) ^ 

Here x ■ Gk ^ ^ is the p-adic cyclotomic character and the last isomorphism 
is the one which appears in usual Tate duality. 
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Proof. [KiOZlTheoemS.l], [LlOZl Theoreni4.3.], [EOZl Theoreni4.7.]. 



□ 



Remark 2.9. The above perfect pairing is defined by using ((/?, F/f )-niodules jLi07[ 4.2]) and 
the equivalence between _B-pairs and ((^, ri<-)-modules ( |Ke07[ p.8]). On the other hand, for 
Qp-i?-pair W , we can define a pairing 

in the usual way by using cocycles. If we identify }i^{GK,W^{x)) — * ^[^(^(Gx, M^^(x)) ^ 
above, then we can check that the both pairings are same by using the fact that HLjy(G^, W) 
is the universal 6 functor ( [Ke07[ Theorem 8.1] ) and W{Gk,W) is a (5-functor. 

Let W be an i?-_B-pair. Then by (2) above and the remark before the above theorem, we 
have 

dimQ^R\GK,W) = diiHQ RI^{Gk,W) 

= [K : Qp][E : Qp]rank(M^) + dim^Rl^iGK, W) + dim^ RIJGk, W) 

= [K : Qp][E : Qp]rank(M^) + dim^Rl.^iGK, W) + dim^Rl^iGK, (x)) 

- [K : Qp][E : (Qp]rank(VF) + dimQ^H"(GK, W) + dimQ^HO(G;f , ly^(x))- 

Dividing this equality by [E : Qp] , we get the following dimension formula. 

Proposition 2.10. Let W be an E-B-pair. Then we have 

dimBHi(GK,VF) = [K : Qp]rank(VF) + dimBHO(GK, VF) + dimBHO(GK, VF^(x)). 

As in the case of p-adic representations, we have dualities between H^, and H^. 

Proposition 2.11. Let W be a B-pair. In the above perfect pairing in Theorem \2.8\ (3), 
HKGkjW) and}ig{GK,W^{x)) are the exact annihilators of each other. The same statement 
holds with e replaced by g and g by e and also when e and g are both replaced by f. 

Proof. This proof is also essentially same as that in the case of p-adic representations (cf. 
|B1-Ka901 Proposition 3.8] ) . □ 



2.3 Calculations of cohomologies of rank one E-B-pairs. 

To classify rank two split trianguline i?-i3-pairs, we need to calculate the dimension ofExt\W^((52), 
W{Si)) for any continuous characters 61,62 ■ E^ . Twisting by W((5^^), it is isomorphic 

to Ext'^{BE,Wi6i/62))) ^ R^{Gk,W{6i/62)). We wiU calculate this in the following ways. 

Lemma 2.12. For any embedding a : K ^ E , we define a continuous character cr{x) : K'' 
E'^ : y i-^ cr{y). Then for any {ka}a {ka £ ^ for any a), we have an isomorphism of E-B-pairs 

Proof. First we prove that there is an isomorphism 

W{id{x)) ^ {Be (8>Qp E, tB+j^ ®K,^d E®®^ rdBt^®K,a E), 
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here id : K ^ E is the given embedding. We decompose id{x) : into id{x) :— 

SqSi, here (5o|qx := idl^x ,So{TrK) '■= 1 and (5i|(^x is trivial and 5i{-kk) '■— t^k- Then, 

by definition of the reciprocity map recx : ^ in Notation, we have i5o = xlt, 

i.e. the Lubin-Tate character associated to -kk- So we have W{5q) = W{E{xiit))- Then 
-^cris(^(^o)) '■— Kq (8)Qp Ee is the filtered (^-module such that acts by (p^ {e) — Tr^^e and 
the filtration on K ®Ko ^^is(^(^o)) = K Ee ^ ^a-.K^EEe^ is defined by Fil"^ = 
K ®Ko D^^.^{W{5a)) , Fil° = (B^^rdEe^ and Fil^ = by [Co02] Proposition 9.10 and Lemma 
9.18. On the other hand, D^^-^^{W{6i)) := Kq Ee' is the filtered (/3-module such that 
ipf{e') = TTKe' and Fil°(X ®x„ D^^-jWidi))) = K (g>Ka D^^-JW (Si)), Fi\^ = 0. So we have 
D^risi^d{x)) ^ D^^..JSo) D^^.J6i) := Ee" on which acts by ip^ (e") = e" and 

the filtration on K ®Ko E>^ris{^d{x)) ^ (Ba-.K-^^E Eel is given by FiP^ - K ®Ko D^risM'-^))^ 
Fil" = (Ba^idEe'l and Fil^ = 0. Then, by the definition of -D^jg for i?-i3-pairs, it is easy to see 
that D^^-^{{Be E, tB+^ ®km E © ®a^^dB^^ ®K,a E)) ^ D^^.^{id{x)) as fihered ^-modules. 
So, in this case, we have proved the lemma. In the case where ri(T-A''-^_E '^i^)^" = '^{x) for some 
(7, we can prove the lemma in the same way. By tensoring these, we can prove the lemma for 

Let Nk/Qj,{x) : K"''- ^ be the norm map and let | — | : i?^ be the absolute value 

character such that \p\ :— i, |u| := 1 for any u G . 

Lemma 2.13. There is an isomorphism W{E{x)) ^{^K/Qp{x)\Nii/(^^{x)\). 

Proof. When K = Qp, x ■ satisfies x\x\ = x° recQ^ by local class field theory. So in 

general case, x ■ Gk corresponds to NK/qj,{x)\NKfq^{x)\ by local class field theory. □ 

The next proposition is a generalization of [Co07a[ Proposition 3.1]. 

Proposition 2.14. Let 5 : E^ be a continuous character. Then 11°{Gk,W{6)) ^ E 

if and only if S = Yia K^E '^{x)^" such that k^^O for any a. Otherwise H"(Gi<-, W{6)) — 0. 

Proof. If we assume that H"(Gi<-, W{S)) ^ 0, then there is a non zero morphism / : Be W(b) 
of i;-B-pairs because W(GK,W{b)) = Hom(B£;, Then by Lemma [112 Ker(/) and 

Im(/) are also i?-i3-pairs. Because Be is a rank one i^-B-pair, one of Ker(/) and Im(/) 
must be zero. Because / 7^ we have Im(/) 7^ so we have Ker(/) = 0, i.e. / must be 
injective. So we have an injection / : Bf, ®q E ^ M^((5)e of free B^. CSq i?-modules of the 
same rank. By Lemma [1.101 the cokernel is also a free J3e (E'Qp -E- module. So the cokernel must 
be zero, so f : Be ^q^, E ^ W{5)e must be an isomorphism. Then W^(5)^j^ is a Gx-stable 
B^j^-lattice in B^r (EiQp E with £^-action which contains B'^^ E — (Bct-.k^eB'^^ ®K,a- E. So 
must be of the form M^((5)([r{ = ®c:K-~*Et'^'' B'^^ ®K,a E for some fc^^O for any a. So 
W{5) = I^(n<T:K^ij crix)'"") by Lemma[2T2l In this case, it is clear that Hom(B£;, W{6)) = E, 
so we have proved the proposition. □ 

By this proposition and Liu's Euler-Poincare formula, we can calculate the dimension of 
Ext^(VF((52),iy((5i)) as follows. This is a generalization of [CoOTal Theorem3.9] . 

Proposition 2.15. Let 61,82 : E^ be continuous characters. Then dimBExt^(VF(52), 

W{Si)) is equal to 

(1) [K : Qp] + 1 when S1/S2 = Ilcr-K^B '^i^)'^'' such that fco-^0 for any a, 
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(2) [K : Qp] + 1 when 61/62 = \NK/<ii^{x)\]\„,K^E'^i^)^'' ■^"c/i that fc^^l for any a, 

(3) [K : Qp] otherwise. 

Proof. By Lemma [2.131 and Proposition l2.14l we have 

W{Gk,W{5)) = E\i and only if (5 = '^i^f' such that for any cr, 

HO(G;f,T4^(,5)^(x)) ^ H0(GK,M^(<5-iiVK/Q,(a:)|^if/Q,(a:)|)) = if and only if ,5 = 
NK/q,p{x)\NK/ii^{x) \ Yla-.K^E^i^)^" such that /c^^O for any cr. 

So we have the desired result by Corollarv l2.10l □ 

To classify two dimensional split trianguline ^-representations, we need to know which 
extension class in ¥jy±^{W{52),W{6i)) is of the form [VK(T^)] for some two dimensional E- 
representation V . For this problem, the next exact sequence is very important, which is the 
i3-pair analogue of the map ik defined in Co07a[ 3.7]. Let 5 : — > be a continuous 
character and let {ka^a-.K'^E be G Z>o for any a. We consider the natural inclusion of 
i;-B-pairs W{5) ^ W{5) ®W{]\^.j^^e(t{x)-'^'') = W{5]\^.j^^Ea{x)-^-) which is obtained 
by tensoring with W{5) the natural inclusion Be ^ ^(Wa-K^E'^i^)^^")- Then, by Lemma 
12.121 we have 

As for _Be-part, we can prove in the same way as the proof of Proposition 12.141 that We{5) ^ 
'^eiSYlcr-K^E'^i^) '''')- have the following short exact sequence of complexes of Gk- 

modules 

^ C'{W{S)) C*{Wid n '^i^r'')) ^ S).:K^Et-''W+^{S),/W+,iSUO] ^ 0, 

cr:K^E 

where W+^^S)^ := W+,i6) 

^^dR^Qp^ (^dR ®K,a- E) for any cr where the last tensor product is 
taken by the projection to the cr-component of Sjj^ Oq^, E ^ ®cr:K--^EB'^^ ®K,a E. From this 
short exact sequence, we get the following long exact sequence 

>B^{Gk,W{5 J] o{xr'''))^®.:K^EB°{GK,t''''W+^{5).lW+^{5).) 

a:K^E 

^Y{\Gk,W{5))^Y{\Gk,W{5 W a{x)-^-))^--- . 

(j-.K'-^E 

The next lemma is a generalization of |Co07a[ Propositions. 18]. 

Lemma 2.16. Let {'w{5)a}a he the generalized Hodge-Tate weight ofW{5) defined in \1.47\ 
Then there is an isomorphism of E-vector spaces 

(Ba:K^Ell°iGK,t-'^-W+^iS)„/W+^iS),) ^ (B^^^^s^^^^^^^ 

Here Ee^ is a one dimensional E-vector space with base e^. 



27 



Proof. It suffices to show that n°{GK:t-^''W^^{5)„/W+^{5)„) ^ E li and only if w{8)„ e 
{1, 2, • ■ • , k„} and W{GK:t-^''W+^{5)„/W^^{5)„) = otherwise. But, by definition of general- 
ized Hodge-Tate weight, for any i e Z and a, we have H"(Gx, t-'W+^{S)^/t-'+'^W+^{5)^) = E 
if and only if 'w{5)a — i and we have H"(Gi<-, Wj^((5)cr/i~*^"^ W^(J)o-) ~ otherwise. From 
this, the result follows. □ 

By definition, for any continuous character 5 : E^ , we have the following short exact 

sequence 

- D^^iWiS))/iD^,,^iWiS)r=' + FifD^^iWiS))) ^ 11\Gk, Wi6)) 
Kcr(Hi(GK, We{S)) © R\Gk,W+,{S)) ^ R'{Gk, W^dR(<5))) ^ 0. 

Lemma 2.17. Let S : K ^ E'^' be a continuous eharacter. Then the E-vector space 
Ddn{W{S))/{D^,i^(W{S))'^=^ +FifD^^{W{S))) is isomorphic to 

(1) ®(T,uj((5)„ez>i-E'ecr/A(i?) when S ~ Yia-K'-^E '^i-'^)'''' Z*"" some {fco-jo- such that k^j E Z for 
any a, 

(2) ®a,u;(5)„ez>i£'e<:r otherwise. 

Here A : £^ — > (BrT.w{5)aG7,>-^Eea is the diagonal map. 

Proof. By definition of W{5), it is easy to see that WdR((5) ^ i?dR<8>Qp-B(5o) for some continuous 
character 6o : Gk O^. If we decompose i?dR "Xiq^ E{So) ^ ®cr:K^EBdR ®K,a E{So), 
we have (i?dR ®K,a Ei^o))^'^ = if and only if w{6)cr ^ If w{d)a- e Z, then we have 
^^^^ £;(5o))'^^ ^ and «);f,<, i^(<5o))°^ = 0. As for W^iS), we 

have L>^i,(VF(5))'^=i = T^e('5)'^^' 7^ if and only if We{S) ^ E. Then W{5) ^ 

{Be <Si<Qj, E,®cr,x^Et''" B^^ ®k,(t E) for some {k^}„ such that k„ E Z for any a. Then, by 

Lemma [m we have S = Ua.K^E'^i^)'''' ■ In this case, we have D^^^^{W {S))'f=^ ^ E. 
Combining these computations, we get the lemma. □ 

Next we compare the following two maps, one is the boundary map 

d : ®a:K^Eii°{GK,t-'''W+,{6),/W+,{6),) ^ 11\Gk,W{6)) 

of the exact seuence before Lemma 12.161 and the other is the natural map 

L : D^^iWiS))/Fi\°D^^iWiS)) ^ D^^iW (S)) / (D^^.^iW i6)r=' + Fif D^^{W (6))) 

-^11\Gk,W{6)). 

From the proof of Lemma l2.17| we can see that the natural map / : D^^{W (S)) /Fil° D^^{W{S)) 
{WdR{5) /W^^{S))'~^'^ is an isomorphism. On the other hand, we have a natural map 

J : ®.:K^Eli'{GK,t-''W+,{6)^/W+,{6)^) = R'{Gk,W+,{S J] '^{^)''')/W+,{S)) 

(J:K'~*E 

Lemma 2.18. With the above notations, we have t o /^^ ° j ~ (—1)9. 

Proof. This follows easily from diagram chase. □ 
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3 Classification of two dimensional split trianguline E- 
representations. 



In this section, we classify two dimensional split trianguline i?-representations. As in ICoOTal 0.2], 
we would like to explicitly determine the parameter spaces of two dimensional split trianguline 
iJ- representations. 

3.1 Parameter spaces of two dimensional split trianguline E'-represent- 
ations. 

Let be a rank two split trianguline E-B-pair such that [W] £ E,xt^{W{S2), W{6i)) for some 
continuous characters 61,62 ■ . First we study a necessary condition on {61,62) in 

order for W to be etale, i.e. of the form W ~ W{V) for some £'-representation V. 

Lemma 3.1. //[M^] G Ext^{W{62),W{6i)) isetale, then the pair {61, 62) satisfies vsL\p{6i{7rK))+ 
valp((52(7''if)) = and va\p{6i{'!rK))^0- Here valp is the valuation of E such thatyalpip) = 1. 

Proof. Let W be of the form W = W{V) for some ^^-representation V. By definition, W^(F) 
sits in the following short exact sequence of i?-i?-pairs 

^ W{6i) W{V) W{62) 0. 

Because is pure of slope 0, detM^(F) W{6i62) is also pure of slope 0, so we have a 

condition vaip(^i(^ic))+vaip(^2(^K)) ^ q bccausc the slope of W{6) is Z^WZLidl. By the slope 
filtration theorem for i?-_B-pairs (Theorem ll.40|) . W{6i) must be pure of slope ^0. This implies 
that Y^Mi^^U£}l^o_ We have proved the lemma. □ 

To describe the classification of two dimensional split trianguline £'-representations, let us 
introduce several notations. First let us put 

• 5+ := {{61,62)161,62 ■ E^ continuous characters such that valp{6i{TrK)) + 

ya\p{62{'!TK)) = 0, valp((5i(7rK))^0}. 

By Lemma 13. 1[ for classifying two dimensional split trianguline i?-representations, it suffices 
only to consider split trianguline i?-_B-pairs W such that [W] G Ext^(T/F((52), M^((5i)) for some 

{61,62) eS+. 

First we classify two dimensional split trianguline ^^-representations V such that [Ty(y)] = 
e F^yit\W{62),W{6i)) for some {61,62), i.e. W{V) = W{6i) OW{62). 

Lemma 3.2. Let {61,62) G S+ . Then W{6i) ® W{62) is of the form W{V) for some two 
dimensional E -representation if and only if both W{6i) and W{62) are pure of slope zero, i.e. 
W{6i) ^ W{V{E{6i))) and W{62) ^ W{V{E{62))) for some continuous characters 61,62 : 
Gk-^Oe- In this case, V ^ E{5i) ® E{52). 

Proof. "If part is trivial. Let us assume that W{6i)®W{62) W{V) for some two dimensional 
iJ-representation V. So M^((5i) © W{62) is pure of slope zero. If W{6i) is not pure of slope zero, 
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then this is pure of slope u > by the assumption that {di,S2) G 5"+. Then W{S2) is pure of 
slope —u < because {Si, S2) G 5*+. Then we have the exact sequence 

^ W{S2) W{Si) © WiS2) W{Si) -> 0. 

Then the slope filtration theorem for S-S-pairs fTheorem ll.40p implies that W{Si) (B W{S2) is 
not pure of slope zero. This is a contradiction. □ 

This lemma says that two dimensional split trianguline i?-representation V such that [Vl^(V)] = 
G Ext^{W{62),W{di)) corresponds to two dimensional iJ-representations V such that V — 
E{5i) © E{52) for some continuous characters ^i, ^2 : Gk O^. So, in this case, we finish the 
classification. 

From now on, we only consider split trianguline ii'-iJ-pairs W such that [W] 7^ G 
Eiit\W{d2),W{di)). For any (61,62) G S+, let us put 

. 3(61,62) ■.^Fe(11\Gk,W(6i/62))). 

Here, for any finite dimensional i?- vector space M, we denote 

¥e(M) := {[v]\v G M - {0}, [v] = [v'] <=> v' = av for some a G 

Next, for any (61,62) G 5*+, we define a subset S'(6i,62) C 8(61,62) by 

. S'(6i,62) ■.= ¥E(D^^(W(6i/62))/(D^^,^(W(6i/62))'^='+Fil°D^^(W(6i/62)))), 

here we see S'(6i, 62) as a subset of S(6i, 62) by the following natural inclusion 

D^^(W(6i/62))/(D^^,,(W(6i/62))^-'+FifD^^(W(6i/62))) H1(Gk, ^(^1/^2)). 

Then, by Lemma 12.171 S'(6i,62) is non canonically isomorphic to 

(1) S'(6i,62) ^ PE(®,Mh/s,).^iEea/A(E)) when 6^/62 = U.-.k^e '^i^)""" some {k,}^ 
such that ka- (z 1j for any a, 

(2) S'(6i,62) ^ PE((Ba,w{Si/S2)„ez^iEea) otherwise, 

here these isomorphisms depend on the choice of £'- linear isomorphisms in Lemma 12.171 

Finally we define the subset S'''*(6i,62) of (^2) as follows. When 61/62 7^ Tla-K^E ^(x)'^" 

for any {k„} such that ka € Z for any a, we fix an isomorphism S'(6i,62) ^ ^E((Ba,w{Si/52)^ei>iEecr) 
as above and identify these two spaces. Then let us put 

• S'°\6i,62) --^ {[(aaea)a] <^PE(®a,w{Si/S2)„&^iEea)\(J2a a -iQ ^(61 / 62) a)+eKyalp(62(TTK)) 

When 61/62 = Ylcr K-^E "■(2;)'^'' for some {fccr}cr such that fc^ G Z for any a, we fix an isomor- 
phism S'(6i,62) FE((Ba,w{Si/S2)„>iEecr/A(E)) as above and identify these two spaces. Then 
let us put 
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'52(7r_ft:))^0 for any lifting {aaea)a G ®a,w{Si/S2)„ez^^Eea of [(ao.eo-)<T]}. 

We put S""°"^°*((5i, (52) 5'(5i,(52) \ S"''*((5i, 52)- Then we can easily see that the sub- 
sets S"'^*(5i, (^2), 8'"'°"'^°* {61,62) ^ 3(61,62) do not depend on the choice of an isomorphism 

S'i6i,62)^PEi(B.MSi/s.U^iEeJAiE)) or S' {6,, 62) ^ PEiOaMSi/s.hez^.Ee^)- 

Remark 3.3. When K — Qp, S{6i,62) is one point or Fe{E) and S'{6i,62) is empty or one 
point or Pe{E) and S"°*(5i, 62) is empty or one point or ¥e{E). If we compare this parameter 
space and Colmez's one f |Co07al 4.3]), then we have U(^s^^s2)eS+ iSi6i, 62)\S' {61, 62)) = S'^'^US!^, 
Uis,,S2)es^S''\6,,62) = U5-d and U^s,,S2)es+S"'°''''\6,,62) = S^'^K 

For any s G 8(61,62), we denote W{s) an extension of W{6i) by W{62) defined by s. The 
isomorphism class of W{s) as i?-_B-pair depends only on the class s. By definition, W{s) is a 
split trianguline E'-B-pair which sits in a following non-split short exact sequence of £'-i?-pairs 

^ W{6i) W{s) W{62) 0. 

We determine when W{s) is of the form W{V{s)) for some i?-representation V{s). The 
following theorem is a generalization of [Co07al Proposition 4.7] and is the most important step 
of the classification. 

Theorem 3.4. Let s G 8(61,62) for {61,62) G 5*+. Then the following conditions are equiva- 
lent. 

(1) VF(s) is pure of slope zero, i.e. W{s) — > W{V{s)) for a two dimensional split trianguline 
E -representation V{s). 

(2) s^5'"°"-**(5i,<52). 

Proof. First we prove the theorem in the case 61/62 ^ Ila-K^B (^{x)''" for any {fco-jo- such that 
fco- G Z for any a. Let us assume that W{s) is not pure of slope zero. Then, by the slope 
filtration theorem for E'-B-pairs (Theorem II. 40p . there exist rank one £^-i?-pairs W{63), W{64) 
such that W{63) is pure of slope u < 0, W{64) is pure of slope —u > and W{s) sits in the 
following short exact sequence 

W{63) W{s) W{6i) 0. 

On the other hand, by definition we have a following short exact sequence 

-^W{6i) ^W{s) ^W{62) ^0. (1) 

We consider the restriction to W{63) of the projection W{s) W{62), which we denote / : 
^^('^3) W{62). We claim that / is an inclusion. Because Ker(/) and Im(/) are B-iJ-pairs 
by Lemma fl. 121 and because 11^(^3) is rank one, we have exactly one of the following two cases, 
Ker(/) ^ W{63) or T^(<53) ^ Im(/). If Ker(/) ^ T^(<53) then the inclusion T^(<53) ^ W{s) 
factors through a non zero map /' : VF((53) — * W{6i). But because the slope of VF((5i) is 
strictly bigger than the slope of W{63) by assumption, so we have IIom(T/F((53), W{6i)) = by 
Proposition l2.14l or by |Ke07i Lemma 6.2] . This is a contradiction. So we have W{63) ^ Im(/), 
i.e. / is an inclusion. Then, by Proposition 12.141 we have ^3 = ^2Y[a-K'^E '^i^)''" ^'^^ some 
{ka}a such that fc(j G Z>q for any a. Then, because det(T1^(s)) = W{6i62) W{6364), we 
have 64 — 6iYl^.j(^^a{x)~'''' . The injectivity of / means that the exact sequence (1) splits 
after pulhng back by / : W{63) ^ W{62), i.e. we have 



31 



5 G Ker(Hi(GK,T^(<5i/^2)) ^ Hi(GK,Ty(n.:if^i;^(^)"'"'5i/<52))). 
This kernel is isomorphic to 

Ini(9 : Yl''{GK,®a:K^Et-'''W+^{5i/52)a/W+^{5i/52)a) ^ li\GK,W{Si/62))). 

So, by Lemma [1?1H1 we have s = [{acrecr)cr] £ ^E{®a,w{Si/S2)„&i.^iEea) = S'{Si,S2) such 
that any a with a„ ^ satisfies w{Si/S2)a G {1,2,- •• ,kcr}. Then, (X^cr a^^^o ^(^i/'^2)cr) + 
e_R:valp(52(7rx))^(I]cr K) + eK^alp{62{'!TK)) = [K : Qp] (slope of WiS^)) < by assumption. So 

S £ S' ((3l,02). 

Next we assume that s = [{a„e„)a] e 5""°"" ((5i,(52). Then, by Lemma [UHl we can see 
that s is contained in the image of 

d : ®a.a„^0ii°iGK,t-^^''^'''^-W+,i6,/62)a/W+,{6,/62)a) ^ K , W {S^ / 62)) . 

So we have 

s G Ker(Hi(GK, Wi6,/S2)) ^ Hi(G;,, W^(n.,,„^o a(x)-(^^/^'^)"(5i/<52)). 

So there is an injection g : W{Yl^ ^^_^Qa{x)'^^^^/^^'>'^S2) ^ VK(s) such that f'g is the natural 

inclusion Will^^^^^io'^i^)'"^^'^^^''"'^^) ^ ^(^2) (here /' : W{s) W{d2) is the projection). 
If we take the saturation W{S3) of this inclusion g fLemma I1.14p and write the cokernel by 
W{64), we have the following short exact sequence 

^ WiSa) -> W{s) ^ W{Si) -> 0. 

Then, by PropositionHH we have (the slope oiW{63))S (the slope of VF(n^ a^^o cr{x)'"^^^^^^'^'' 

S2)) = jKk^{E.,a.^0^i^l/S2)a) + ^^M^^M < bcCaUSC S G (<5i , (J^) . So W (s) 

is not pure of slope by the slope filtration theorem. So we have finished the proof when 
S1/S2 ^ ricr A'^E a{x)''" for any {fcg-} such that fco- G Z for any cr. 

Next we prove the theorem in the case S1/S2 — Yla-K^E '^i^)''" ^'^^ some {ka}cr such that 
fco- G Z for any a. First let us assume that W{s) is not pure of slope 0. Then, as in the first 
case, there are rank one £^-i?-pairs W{63),W{S4) such that the slope of W{S3) := u < and 
W{s) sits in the following short exact sequence 

^ WiSs) W{s) W{Si) 0. 

Then we can prove as in the first case that the induced map W{63) ^ W{62) is injective and 
S3 ~ S2 Yla K^E <^{x)^" for some {fccrjo- such that ka G Z>q for any a. So we have 

sGKer(Hi(GK,M/(<5i/52))^Hi(GK,Vt^( \{ a{x)-''' 5^/ 62))) 

a-.K^E 

= Im(9 : ^\GK,®a:K^Et''''W+^{5^/52)a/W+^{5^/52)a) ^ n\GK,W{5J52))). 

By Lemma l2.181 we can see that s corresponds to s = [[aae„)^] G ¥E{®a,w(5i/52)„&>-i_E^(y/ ^{E)) 
^ S'{Si, 62) such that there is a lifting [(ao.eo.)o.] of [(ao-ecr)^] such that = for any a satis- 
fying m;((5i/(52)<t ^ {1,2, ••• ,ka}. So {Y.a,a^^0'^i^l/^2)a) + eKVa\p{S2inK))S{Y.a:K'^E'^'^) + 

eifvalp((52(7rif )) = [K : Qp]u < 0. So s is contained in 3'"'°"''^^ {61,62) ■ 
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Next let us assume that s G ^/"o" <= Then, by definition, s = [{aa-ea-)^] £ 

P-E(ffi<T,to(5i/52)<,ez>i^^eo-/A(i;)) ^ S'{5i,S2) such that some hft [{a^ea)a] of [{aaea)a-] satis- 
fi^^ (X^CT a„#o ^(^i/'^2)ct) + ei<-valp(^2(7''x)) < 0. Then, by Lemma [^.181 we have 

s e Ker(Hi(Gi^, W{5,/S2)) ^ H^Gi^ , Ty(n„,a.^o lixr^^'^/'^^'S^/S^))). 

In particular, as in the proof of the first case, we can see that the natural inclusion W^dlo- a 
cr(a;)«'('5i/'52).j2) ^ W{d2) factors through an inclusion g : W{ll^^^^_^ga{x)'^^^^^/^^^''S2) ^ 
W{s). If we take the saturation W{S3) of g and write the cokenel by ^^(^4), then we have (the 
slope of W(53))^ (the slope of WiU.^^^^o'^i^r^''^''^^^^)) = T^kl^^^-.-.^o ^^('^i + 
eK^alp{S2{TTK))) < 0, where the first inequality follows from Proposition 12. 141 So W{s) is not 
pure of slope by the slope filtration theorem. So we have finished the proof of this theorem 
in all the cases. □ 

By this theorem, we can determine all the two dimensional split trianguline i5-representations. 
For any s £ 3(61,62) \ S""°" °*((5i, (52), we write V{s) the two dimensional split trianguhne E- 
representation such that W{V{s)) = W{s). 



3.2 Irreducibility of V{s). 

Next we determine when V{s) is irreducible as i?-representation of Gk- For this, we put 

. := {{61,62) e 5+|valp(<5i(7rA')) = valp(52(7rK)) = 0}, 
• 5"+ S+\S+. 

For any {61, 62) G 5*^, we put 

(1) S'°'"'{6i,62) {[¥^^]_^S^{6i,62)\{Ea,a^^o^i^i/S2)a) + eKva\p{62{TTK)) - for 

some lifting [(acrecr)cr] of [(aCTecr)^]} when 61/62 — YIct-k^e '^i^)''" ^'^^ some {fccrjo- such 
that fco- G Z for any a, 

(2) S'°'^{6i,62) IKe,] G 5'^*(5i, 52)I(E.,a„^o ^('^i/'^s).) + eKvalp(52(7rK)) = «} ot^^cr- 
wise. 

We can easily see that the subset 3'°'"^ {61, 62) does not depend on the choice of an isomorphism 
5'(5i,<52) ^Pi;(®,,„(,,/,,)^^ii?e./A(i?)) or 3' {6^, 62) ^ ¥E{(B,MS./s.).ez^,Ee„)- 

Remark 3.5. When K = Qp, S^"^ in |Co07al 4.3] is equal to U^g^^^^^^g^ 3'°''^{6i, 62) and So 
in |Co07a[ 4.3] is equal to U^^^ 3(61,62) 

The following proposition is a generalization of [Co07al Proposition 5.7. 5.8]. 

Proposition 3.6. Let {61,62) G 5+ and s G 3(61,62) \ S""°" °*{6i,62)- Then the following 
conditions are equivalent. 



(1) V{s) is irreducible. 
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(2) {Si, 62) i St and s i S'°'^{6xM)- 

Proof. First let us assume that V{s) is reducible and (61,62) ^ 5*^^- Because V{s) is reducible, 
there exist two continuous characters 63, 64 : Gk — > such that W{V{s)) sits in the following 
short exact sequence 

^ W{E{63)) W{V{s)) -> W{E{64)) -> 0. 

Then the fact that Yloui{W{E{63)),W{6i)) = (this follows from the fact that (the slope of 
W{E{63))) = < (the slope of W{6i)) and from Proposition I2.14[ ) implies that the natural 
map W{E{63)) ^ W{62) is an inclusion. So we have ^3 — ncr X^B ^(^)''" some {k„}„ 
such that ka G Z>o (here 6-3 := 6-3 o ygck ■ K^- E^). Then, as in the proof of the previous 
theorem, we can see that s corresponds to [{a„ea)cy\ £ S''^^{6i,52) (or [(acrecr)cr] G S''^* {61,62)) 
such that (I]a,a,/o^('^i/'^2)<T) + ej<-valp(52(7rj<-))^(X;CT:_R-^£; ^<t) + eKvalp((52(7rif )) = [K : Qp]( 
slope of W{E{63))) = (for some hfting [(aCTeCT)^] of [{aaea)a])- On the other hand, we have 
0=(I]<T,a<,#o'^(^i/'^2)<T) + exvalp((52(7rK)) because s £ S'°\6i,62). So s e S'°"^{6i,62). 

Next if {61,62) e St, then W{6i) and W{62) are pure of slope zero, hence V{s) is reducible 
as -E-representation. 

Next let us assume that {61,62) ^ S^ and s G S'°'"^{6i,62). If we put s — [{acrecr)„] (or 
[{aaea)a]) such that (I^^.a^^^o "'('^i/'^2)(t) + e/fvalp((52(7ri^)) = ( for some lift [{a^e^)^] of 
[(ao.eo.)cr]) then, by the proof of Theorem 13.41 we have 

5 e Ker(Hi(G;^, W{6i/62)) ^ H1(Gk, T^(n.,a„^o <j{x)-^^''/''^'6i/62))). 

Then the natural inclusion W{l\^^^^_^g a{x)'"^^^^^''')'' 62) ^ W{62) factors through W^d^^.a^^o 
^^2;)"'(''i/''2)<'52) ^ W^(s). We take the saturation ^^(^3) of this map and write the cokernel by 
W{64). Then we claim that the natural inclusion W{ll^^^^_iQ a{x)'^'^^^ Z^^')" 62) ^ W{63) is an 
isomorphism. If this is not an isomorphism, then by Proposition 12.141 W{63) must be pure of 
negative slope because W{Y\^ ^^^Qa{x)'^^^^^^^^''62) is pure of slope zero by assumption. Then 

W{s) is not pure of slope zero, which contradicts to the assumption that s e S'°*{6i,62)- So 
W{Y[^^a^^oa{x)'"^^^/^^'>''62) ^ W{63) is an isomorphism. Then both W{63) and W{6i) are 
pure of slope zero. So W{s) is reducible as ^^-representation. So we have finished the proof of 
this proposition. □ 

3.3 The conditions for V{s) = V{s'). 

Next let us discuss when two split trianguline i?-representations V{s), V{s') are isomorphic 
for different parameters s, s'. Unfortunately we cannot solve this problem in the case where 
61/62 = Yla-K-^E^i-'^)^'' ^'^^ some {k^}a- such that k„ & "L for any a and s G S"''*(5i, <52). We 
can solve this problem in all the other cases. The following theorem is a generalization of 
|Co07al Proposition 4.9] . 

Theorem 3.7. 

(1) Let V{s), V{s') he two dimensional trianguline E -representations associated to s £ S{6i, 62)\ 
S'"°"~^\6i,62), s' G S{63,6i)\S"'''"'-°\63,64) for some {61,62), {63,64) G S+. Moreover 
we assume that s ^ S'°*{6i,62)- Then V{s) ^ V{s') if and only if {61,62) — {63,64) and 
s^s' eS{6i,62). 
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(2) Let s — \{auaea)a\ G <5"''*((5i, (^2) where ^ ^a-K^E'^^^y^° f'^^ '^'^2/ {kaja such that 

kc ^Z. for any a. Then there exists unique (((53, (54), s') 7^ (((5i, (52), s) {here {5^,84) G 5*+ 
and s' e 3(63, 64) \ 5""°" ^^{Ss, 64)) such that V{s) ^ V{s'). Such a (((53, 64), s') satisfies 
the following: 

(ii) s' = [(5„e^)„] G 5'°*(53,<54) saiis/ies i/iai {ct : X E\b^ ^ 0} ^ {a : K E\a^ ^ 
0}. 

Proof. First, we prove (1). If V{s) ^ V{s'), then we have the following short exact sequence 

^ W{S3) -> W{s) ^ W{54) 0. 

We consider the natural map / : VF((53) W{62) as in the proof of Theorem 13.41 Then we 
have one of the following: Ker(/) ^ W{S3) or Im(/) ^ W{63). 

If Ker(/) ^ W{63), then we have the following commutative diagram 

> WiSs) > W{s) > W{S4) > 



> W{5i) > W{s) > W{S2) > 0. 

Then we claim that M^((53) W{Si) and W{S4) — *■ W{62) are both isomorphisms. We 
can see that WeiSs) ^ We{Si), We{S4) ^ VFe(^2) are isomorphisms in the same way as the 
proof of Proposition 12.141 For the VF^-part, by the snake lemma of the above diagram, we 
have an isomorphism Ker(I¥+^((54) ^ VF/r,(<52)) ^ Cok(VF+^(53) ^ Wl^{di)) of B+^-modules. 
But because the former is a torsion free i3jp,-module and the latter is a torsion Sjj^-module, 
so this must be zero. So W{63) W{Si) and W{S4) — > W{62) are both isomorphisms. So 
((51,(52) = (63,64) and s = s' e S{6i,62). 

If Im(/) ^ W{63), then ^3 = 62 Yl^r K-^E '^i^)''" for some {fccrjcr such that k„ E Z>o for any 
a. Then, by the proof of Theorem 13. 4[ we can see that s £ S'{6i,62)- This is a contradiction. 
So we have finished the proof of (1) of this theorem. 

Next, we prove (2). Let us assume that V{s) ^ V{s') for some s'{y^ s) G 8(63,64). Then, 
by the proof of (1) above and the assumption s ^ s', we can see that VF(i53) ^ Ini(/ : 
W{63) VF(<52)). So we have ^3 = Yla-K'-^E'^(^)'''^^^ some {k„}^ such that k^ G Z>q 

for any a. So we get s = [(acreo-)^] G S''^*{6i,62) and w{6i/62)a G {li2,-- - ,fccr} for any a 
such that flo- 7^ 0. Then, by the proof of Theorem 13.41 we can see that the natural inclusion 
W{Ua,a^=io cr(x)"'(*i/'^^)-(52) W{62) factors through an inclusion g : I^dlo-.a^^^to cr(^x)'"^^^/^^'>' 
62) ^ W{s). Because we have llom{W{Yl^.i^^^ a^x)''" 62),W{6i)) = by the assump- 
tion on {61,62) and by Proposition I2.14[ we can see that got: W{Yl^.p^^^ <t{x)'''' 62) ^ 
W{s) is equal to the given inclusion W{Yl^.r^^^ (t{x)'''' 62) — W{63) ^ W{s) (here t : 
W{Y[^.j^^j^a{x)''-62) ^ W^(n^^„5^o '^(2;)'"^'''''^'^'' '^2) is the natural inclusion). Because M/(^3) 
is saturated in W{s) so W{63) ^ ^(Ilo- a^^^o ^(^)"'^'^^^''^^'''^2) must be isomorphic. So we 
have ka- = w{6i/62)a for a such that ^ Q and k^ = Q for other a. Then we have 
^3 = Y{.,a.^o<^{xr^''"'^"62 and ,54 = Y{,^a.^^<j{x)-'"^''"^-^-6,. We have w{63/64). = 

W{53)cr - w{64)„ = W{6il62)a + w{62)cr " {-w{6i/62)a + w(^l)cr) = w{6i/62)a for any CT 

such that Oct 7^ and ?i'(^3/(54)(j = w{62)a — w{6i)a = —^{61/62)^ for other a. If we re- 
place s by s' and replace s' by s in the above argument, we can see that s' ~ [{baea)a] G 
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S'^\Yla,a„^o'^i^)'"'-^'^^^^''^^'Ila.a„^o'^i^)~'"^^'^^^'^''^i) Satisfies the condition that {a : K ^ 
E\b, ^'O} ^ {a : K ^ E\aJ ^ 0}. lis" = ^3,).] e ^''*(n.,a.^o 
ll„^a„^oCr{xy"'^^^^^^^''6i) is another element such that V{s) ^ V{s") and s ^ s" , then we 
can see that s' — s" in the same way as in the proof of (1) above. So such an s' is unique. 

Next let us take any s = [ao-Co-] e S' (61,62). Then, by Lemma [HI we have 

s e Ker(Hi(GK, W{6,/62)) ^ H^Gk, T^(n.,a„^o (^i/^'^'-cJi/Jz)))- 

So the natural inclusion W{ll^^^^^Qa{x)'"^^^/^^^''62) ^ W{62) factors through M/(n<,,a„#o 
^(2,)«;(5i/52).^2) '-^ VF(s). Then we can see that W{ll^^^^_^Qa{x)'"'^^^/^^^-62) ^ W{s) is sat- 
urated (if not then we have s = [a'^ecr] £ S'"'^ {61, 62) such that {a : K ^ E\a'„ 7^ 0} ^ • 
K > E\aa ^ 0}, which can not happen under the assumption on {61,62) in this theorem). If 
we write the cokernel of this by W{54), then we have 64^ — Yia a ^qO'{x)~^''^^^^^'''^ 61 and we 
have the following short exact sequence 

^ W{63) W{s) W{6i) 0. 

This extension corresponds to some s' — [ba-Ca-] £ S''^* {63,64). So we have V{s) ^ y{s'). We 
have finished the proof of this theorem. □ 

Remark 3.8. When K = Qp, the exceptional cases where s G S'"'^ {61, 62) and 61/62 — 
Yla-K^E'^i^)'^'' appear because 5"°*((5i, (52) is empty set in this case. 

4 Classification of two dimensional potentially semi-stable 
split trianguline ^'-representations. 

In this final section, we classify all the two dimensional potentially semi-stable split triangu- 
line ^^-representations. We explicitly describe the iJ-filtered ((^, A^, Gii:)-modulcs associated to 
potentially semi-stable split trianguline i?-representations. 

4.1 de Rham split trianguline i?-representations. 

Before classifying two dimensional de Rham split trianguline £'-representations, we determine 
all the rank one de Rham i?-_B-pairs. 

Lemma 4.1. Let W{6) be a rank one E-B-pair. Then the following conditions are equivalent: 

(1) W{6) is Hodge-Tate. 

(2) W{6) is de Rham. 

(3) 6 — Syia-K^E '^i^)''" such that 6 : E^- is a locally constant character and fccr G Z 
for any a. 

Proof. It is easy to see the implication (3) ^ (2) (1). We prove that (1) impHes (3). So we 
assume that W{6) is Hodge-Tate with generalized Hodge-Tate weight {k^}a- such that & Z 
for any a. We write W{6) ^ W{E{6o))^W^'^ for some continuous character 60 : Gk and 
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i e Z as in Theorem [TiS] Beause Wq := iWe,o, W'^ g) satisfies 1^+, ^ B+j^/^Qp E, so we have 

^('5)^R ^ ^cJr^Qp ^(^o). Then E{So Ua.K^ E '^(xlt)-''") is Hodge-Tate with all Hodge-Tate 
weight zero. Then, by Sen's theorem |iBe021 Proposition 5.24] . SqJJ^.j^^^ a{xLT)^'''' ■ Gk — * 
is a potentially unramified character. Because (t{xlt) ■ Gk ~^ corresponds to the 
character K'^ : ttx 1, u i-^ for u e O^, we have 6 = SYIo-k^e '^i^)'^'' for some 

locally constant character 5 : . So we have finished the proof of the lemma. □ 

Next let V{s) be a potentially semi-stable split trianguline iJ-representation such that s £ 
3(61,62) \ 5""°" °*(<5i,(52) for some {61,62) G . Then we have the following short exact 
sequence 

^ W{6i) W{s) W{62) 0. 

Then, as in the case of usual i?-representations, we can see that W{6i) and W{62) are also de 
Rham, in particular W{6i/62) is de Rham. Next we compute RI{Gk,W{6)), {G k , W (6)) 
and H1(Gk, W{6)) when W{6) is de Rham. 

Lemma 4.2. Let W{6) be a rank one de Rham E-B-pair where 6 :— 6Y[„.K'~tE '^i^)''" such 
that 6 : ^ E^ is a locally constant character. Then we have a canonical isomorphism 

D§,{W{6))/{D^,,^{Wi6))^-' +FifD^^{Wi6))) ^ill{GK,Wi6)) 

and dim E^il {Gk ,W{6)) is equal to 

(1) tt{(T : K ^ E\k^ G ^>i} when 6 is not the trivial character, 

(2) tt{(T : K ^ E\k^ £ Z>i} — 1 when 6 is the trivial character. 

Proof. For general 6, we have the following short exact sequence 

- D^^iWi6))/iD^,,^iWi6))^='+FifD^^iWi6))) - U\GK,Wi6)) 

KeT{R\GK,We{6))®ll\GK,W+,{6)) ^ R\Gk,WMS))) ^ 0. 

When W{6) is de Rham, we proved in LemmaHHthat R^Gk, W+^{6)) (G^, WdR((5)) is 

injective. So we have 

lll{GK,W{6))^KeT{R\GK,Wi6))^ll\GK,We{6))) 

^KeriR\GK,W{6)) ^ {11\Gk,W,{6)) ®11\Gk,W+,{6)))) 
= D^^{Wi6))/{D^,,,iWi6))^-' + FifD^^iWm- 

We can compute the dimension of H^Gk, W{6)) by using this isomorphism. □ 
Lemma 4.3. Let W{6) be a rank one de Rham E-B-pair. Then we have 

(1) IiliGK,W{6)) = K){GK,Wi6)) anddimEil}iGK,W{6)) = dim EilliGK,W (6)) + 1 when 

(2) }1]:{Gk,W{6)) = }il{GK,W{6)) anddimERliGK,W{6)) = dim eH} (Gk ,W{6)) + 1 when 

S=\NK/Qjx)\Yl,.,,^E<^i^)'''' 

(3) }iliGK,W{6)) =Ii]:{GK,Wi6)) =III{Gk,W{6)) otherwise. 
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Proof. This follows from calculation by using Lemma 1 2. 71 and Lemma l2.11l 



□ 



For the explicit description of potentially semi-stable split trianguline i?-representations, 
we fix an extension whose class is contained in Hj:{Gk,W{5)) \ 111{Gk,W{6)) when S = 
Ho- cr(a;)'^'' and fix an extension whose class is contained in }ig{GK ,W{6)) \ IIj{Gk ,W{S)) 
when S = \NK/q^{x)\Yl^ al^x)^" as follows. First we treat the case where S — Yl^r '^i^)''" ■ 
this case, we have W{S) = {Be E,®crt'''' ®K,a E) by Lemma [2.121 We fix an ele- 
ment Ccris G Oqu,, such that FrobQp(acris) — Ocris + 1. We define an extension W{s{{kcr}cr)) ■= 
{Weis{{kcr}a)),Wlj^ {s{{kcr}a)),L) whosc class s({fc^}CT) := [W{s{{kcr}a))] is contained in H}(G'k, 
WiUa '^(a^)'')) \ ill{GK,W{Y\^ <y{^)^')) as follows: 

(1) We{s{{k„}a)) {Be ®Qp E)ei © {Be 0Qp £')ecris such that ^(ei) = d, g(ecris) = ecris + 
/deg(g)ei for any g ^Gk, here } ^ [Kq : Q^]. 

(2) VF+,(s({fc„}^)) {®at^'B+^ ®K,a E)ei © {B+^ ©q^ E)edn such that ^(ei) = ei and 
5(edR) = GdR for any g ^Gr- 

(3) L : BdR <S'B, We{s{{ka}a)) — * ^dR B+„ ^dR (^({^'t}'^)) isomorphism defined by 
'-(ei) = ei and t(ecris) = edR + flcrisei. 

We can easily see that s({fc<,}^) [W{s{{k^}^))] is contained in H}(G'k, VF(5))\Hi(G'if , VF((5)). 

Next we treat the case where 6 — \Nr/q^{x)\YI„ o'{x)'''' . We define a continuous one 
cocycle c : Gk ^ Qp{x) by g{\og{[p])) = log([p]) + c{g)t for any g e Gk- In this case, we 
define an extension W{s{{ka}cr)) ■— {We{s{{k„}a)),W^^{s{{kcr}a)), i-) whose class s{{kcr}a) '■— 
[W{s{{k,},))] is in J11{Gk, W{\Nk/qJx)\U. <yix)''))\il}iGK ,W{\NK/q^{x)\ll. a{xf')) as 
follows: 

(1) We{s{{k„}a)) ■■= {Be ®Qp E{x))ei © {Be ®Qp E)ecms such that g{ei) = x(5)ei, ^(ecris) = 
ecris + c{g)ei for any g £ Gk- 

(2) W+^{s{{k^}„)) := {®at'''''^B+^ ®K,a E{x))ei © {B+^ (g)Q^ £;)edR such that g{ei) = 
x(5)ei,5(edR) = edR for any g G Gk- 

(3) i : BdR We{s{{kc}a)) ^ BdR ®g+ W^^{s{{k„}„)) is the isomorphism defined by 

dR 

'•(ei) = ei, t(ecris) = edR -t- ^SlMle^^. 

We can easily see that s({fc^}^) := [W{s{{k^}„))] is contained in H1(G'k, M^((5))\H}(Gk, M^W). 

By using these classes, we can determine all the potentially cristalline split trianguline E- 
representations and all the potentially semi-stable split trianguline £'-representations which are 
not potentially cristalline. For this, let us put 

. S"{5i,52) :- {s e S{5i,S2)\s e FE{li}{GK,W{di/62))\S' {Si,S2)}whendi/S2 ^H.'^ix)"', 
. Sst{6i,d2) := {s e S{Si,S2)\s e PE{ill{GK,W{6i/62)) \ S' {61,62))} when 6^/62 = 

\NK/QA^)\Ua'^i^)''"- 

Then, by Lemma 1?^ and the above constructions, we have 

. S" {6^,62) ^ s{{k^}^)+D^^{W{6,/62)/{D^^,,{W{6^/62))^-'+FifD^^{W{6^/62))), 
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Proposition 4.4. Let {61,62} G such that W{6i) and W{62) are de Rham E-B-pairs. Let 
V{s) be a split trianguline E -representation associated to s £ 8(61,62) \ S""°" °*{6i,62). Then 
the following conditions are equivalent: 

(1) V{s) is potentially cristalline. 

(2) 5 e Sil,^{5i,62) S''\6i,62) U S" {61,62) when 61/62 = Yla^^f'- 
s £ S^^li^{Si,62) := S'^\6i,62) otherwise. 

The following conditions are equivalent: 

(3) V{s) is potentially semi-stable and not potentially cristalline. 

(4) 61/62 = \NK/q^{x)\lla'^{x)''' andseSst{6i,62). 

Proof. This easily follows from Leinnia l4?3l We prove in the case 61/62 — \Nk/Qj, {x) \ Y[a (^{x)^' . 
(Other cases can be proved in the same way.) First we prove that (1) is equivalent to (2). If s G 
S''^*{6i, 62) then V{s) is potentially cristalline by Remark 12.51 If V{s) is potentially cristalUine 
then V{s) is de Rham. So [W{V{s))] is contained in T11{Gk,W{6i/62)). If [W{V{s))] (/ 
'R^^{Gk,W{6i/62)) then by the above remark, we can assume that [W^(F(s))] = s({fco-}cr) + x 
for some x G D^^{W{6i/62)/{D^^JW{6i/62))'^=^ + Fil°D^^{W{6i/62))). From this and from 
the construction of s{{ka}cr), we can easily see that W{V{s))\cl ^ 11^^{Gl,W{6i/62)\gl) 
any finite extension L oi K. (Here, W{6i/62)\gl the E'-B-pair of Gl obtained by restriction.) 
This implies that V{s) is not potentially cristalline. This is a contradiction. So W{V{s)) is 
contained in }ij{GK,W{6i/62)), i.e. s e S"'\6i,62). We can prove the equivalence between 
(3) and (4) in the same way. □ 

Remark 4.5. When K = Qp, 5^"" in |Co07al 4.3] is equal to U(5^^5,)g5+S'^*i,((5i, Ja) and Sf is 
equal to U(^Si,S2)es+Sst{6i,62). Here, for {61,62) G S+ such that 61/62 ^ \Nk/iQp{x)\11„ a{x)''' , 
we put Sst{6i,62) :— (/), empty set. 

4.2 Potentially cristalline split trianguline i?-representations. 

In this subsection, we explicitly describe the filtered {ip, Gx)-inodules of potentially cristalline 
split trianguline i?-representations. First we define parameter spaces of potentially cristalline 
split trianguline ^^-representations. We put 

• Tciis :~ {{6i,62,{ka}a)\6i,62 : i?^ locally constant characters, fco- G Z for any a, 
such that (X^o-fc.) + eKvaip{6i{TrK)) = -eKva\p{62{'!rK))^0}. 

For any locally constant character 6 : E'^ we define n{6) G Z>q as the minimal n G Z>q 

such that ^Ii+ttJ-Oa' is trivial. We write for any a 

• G{6)„ := E7eGai(x„(,)//<-) li'^n(S)) ® ^(7"^) G K,, ®km E when n(5)^l, 

• G{5)a :== 1 G ®K,a E whcn n{5) = 0. 
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(Here 7r„ is an element in K such that [7ri<-](7r„+i) = 7r„ for any n G N and [7ri<-](7ri) = 0, i.e. 
a system of tt^ torsion points of Lubin-Tate group associated to -kk, and Kn ■= K{'Kn) for 
n £ Z>i and we identify Ga.l{Kn/K) ^ + t^k^k via the Lubin-Tate character xlt-) 

For any (^2, {fccrjcr) € Tais, we define the parameter space T^*is{Si,S2,{ka}a) of weakly 
admissible filtrations as follows. First, when Si ^ 62, we define 

. T^*.JSi,62,{ka}a) :={[(a<.e,)a] ercHs((5i,<52,{A;,}a)|(E.,a„^ofc-)+eKvalj,(52(7rif))^0}. 
When ^1 = i52, we define 

. T^,,,{5^,62,{ka}a) ■.= FE{(B,,k.^,Ee„/A{E)), 

• T'%^{6uS2,{ka}a) := {[{a^U e r' cris('^l, (^ 2, {fe<.}^)|(Ea,a.^O fca)+ei^valp(^2(7rx))^0 

for any lift {aae^)^ G ®a,fe<,^i-E'eo- of [(acrecr)o-]}, 

• T":*i,(5i,52,{fc<.}.) -O^^k.^.Ee^/AiE), 

. r^As('5i, ^2, {A;.}.) := Tf,,,{6,,52, {k^h) U T"^*i,((5i, ^2, {A;.}^). 

For any x G T^*ig(5i, ^2, {fccr}cr) we want to define a rank two _E-filtered {(p,Gal{Kni^Si,52)/K))- 
module Here we put ^2) := niax.{n{Si) , 71(62)} ■ But we cannot canonically 

construct these. We must fix one more parameter for any {61,62, {kaja) G Tcris- For this, we 
consider the following short exact sequence 

^ £x ^ {Ko E)>' ^ {Ko ^)x ii. £;x ^ 0, (2) 

here gi : E^ ^ {Kq E)^ is the canonical inclusion, 52 : {Kq E)'^ ^ {Kq (giq^ E)^ : 
X ^p{x)/x and 53 : [Kq E)^ ^ E^ : x 1-^ Ili=o V>'{x) where ip : Kq <SiQj, E ^ Kq (giQ^ E : 
Ei ^4 ® Hi ^ Ei¥'(^j) ® Vi- '^^^ easily prove that this sequence is exact by using the 
assumption i^o C E. Then we fix (a,/3) G {Ko^q^E)'^ x{KQ®q^E)'^ such that 33 (a) = 6i{'Kk)-, 
53 = ^2(7r/f) when 61 ^62- We fix a G {Kq (g)Qp E)^ such that 53(0;) = 6i{'Kk) and put 
(3 = a when = ^2- Then we define -D(5i,52,{fc^}^),x as follows: 

• ^(5i,52,{fc„}„),a; := (^0 ®Qp E)ei © (Xo «)Qp i^)e2- 

(1) iV(ei) = 0,7V(e2) -0. 

(2) When 61 ^ 62 or when 61 = 62 and x G T'll^g{6i, 62, {kcrja), we put iy9(ei) = aei, (^(62) = 
/3e2. (Then (p^ {ei) = 5i(7rif)ei, (^-^(62) = 62{TTK)e2-) 

(2) ' When (5i = 62 and .t G T"°*ig((5i, (52, {fccrjcr), we put <p(ei) = aei, (p{e2) = a{e2 + ei). 

(3) g{ei) = (5i(xLT(5))ei, 3(62) = 52(XLT(5))e2 for any g G Gk- 

(4) We put K.a(5,,52) ®Ko Di^s^,52,{K}„),x = {Kn{S,,S2) ^Qp E)ei © (A'„(5i,52) «lQp -B)e2 ^ 

©o-:K-^_E(i^n(5i,52) ®a:,<t E)ei^c, © (-?^n(<5i ,<52 ) "^i^.^r S)e2,cr =: ®aD„, then 

(i) For a such that fc^^ - 1, we put ¥\\°D„ = D„ , ¥i\^D^ = ... = Fir''-£)<, = 
Kn(5^,&2) ®K,^ Eei,„, Fir'=-+^D<, = 0. 

(ii) For a such that k^ = 0, we put Fil°D<, = D^, Fil^Da^ = 0. 
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(iii) For cr such that k^^l, we put Fir^" Da = D^, Fir'^'+^Da = ■■■ = FifD^ = 

Here when 5i ^ 62, then {aa-ea)a G ®a,k„^iE^cr is a hft of x = [(00-6^)0-] e T°j.*g((5i, (52, {fccrjo-) = 
^E{®a.ka>i^^<^) when (5i = S2, then (acrecr)cr G (Ba.k,>i^^cr is a hft of [(a(je(j)<j] G 
T'tl,,{di,S2Aka}a) = VE{(Sa,k^^iEea/A{E)) or is a Uft of G T'tisiSu 62, {ka}a) = 

®cr fe<,>i^6o-/A(i?). Then we claim that the isomorphism class of -^(^j^ {fe^}^) does not de- 
pend on the choice of a lift {aaea)a- We prove this claim in the case where Si = 62 and 

X = {a„ea)a G r"J;*ig((5i, (^2, {fccrjcr). Let us take two lifts (acrecr)a, {a''a(^a)cr G ©CT,fe„eZ>i-Eecr 

of a; = [aaea)a G T"J;*ig((5i, (^2, {fcaltr)- Then there exist a ^ E and G E^ such that 
= btta + a for any a such that fco- G Z>;^. We denote := {Ko ®Qp i^)ei © (i^o ®Qp £^)e2 
and Dg := {Kq (S)q^ E)e[ © (fsTo ©Qp ■E)e2 the filtered ((p, GK)-modules £'(5i,52,{fe„}„),a: de- 
fined by using the lifts {aaea)^ and (0^6^)0- respectively. Then it is easy to see that the map 
Dq — > D'q : ei I— > 5e']^,e2 >— > 62 H- ae'j^ is an isomorphism of filtered ((^, G/f )-modules. We can 
easily prove this claim in other cases. 

Next we note the dependence of the choice of {a, (3) as above. We only treat the case 
61 ^ 62- Let us take another (a', P') G {Kq ©q^ E)^ x {Kq ©q^ E)^ such that gsia') = Si{nK), 
gsiP') — S2{7rK)- Then, by the above exact sequence (2), there exist q;o,/3o G {Kq ©q^ 
E)^ such that a — a'g2{ao), (3 — P'g2{Po)- For stressing the dependence of the choice of 
(a,/?), we write T°^*ig(i5i, (52, {A:,^}^, (a,/?)), D(s^^s2^{u„}„,{a,i3)),x, instead of T^l-^^[5i,62, {K}a), 
■C'(5i,52,{fe.}<,),:i;-Then we can easily see that the map -D(5,,52,{fc.}.,(«,/3)),[(a<,e„)„] ^ Di^s^MAK}., 
t ' \( °o><^ ^ ^ '■ ^1 ^ Q;oe'i,e2 1-^ f^^e^ is an isomorphism of filtered ((^, G/s:)-modules for 

any [(a^e^)^-] G r4*i,((5i, (52, {fc,,},,, (a, (3)). (Here is the basis of 

defined in the same way as in the case {a, (3) and Q!o,cr, Po.a G i?^ is the a-components of ao, /3o G 
[Kq ©Qp i?)^ ^ (if ©Qp i?)^ ^ ricr-K^B ^^CT •) Other cases are same. So we have an iso- 
morphism i : T°*;g((5i, (52, {ka}cr, (a, /?)) TcrisC^i' '^2, {fccrjo-, (a', /?')) between parameter spaces 
such that £'(5i,52,{fe„}^,(a,/3)),2; ^ ,52 ,{fc<, ,(q' ,/3')) .'(a;) ^r any x G T^^-^^{5i,52, {k„}a, (a, /?)). 

Henceforth, we fix a (a, /?) for any ((5i, (52, {fco-jo-) G Tdis- In the proof of the next theorem, 
we will prove that these are weakly admissible filtered (</3, Gi<-)-modules. So, by the "weakly 
admissible imply admissible" theorem [Bc04 , TheoremB] , for any x G T^lis{5i,52^ {k„}a), there 
exists unique (up to isomorphism) two dimensional potentially cristalline £'-representation 

'^(Si,S2,{ka}c),x such that D^,"is'^''''\V(s^^52,{ka},.),x) -C(5i,52,{/.v}<,),a;- Then our main result 
of classification concerning potentially cristalline split trianguline i?-representations is as fol- 
lows. 

Theorem 4.6. Let V he a two dimensional E -representation. Then the following conditions 
are equivalent: 

(1) V is split trianguline and potentially cristalline. 

(2) There exist ((5i, 82, {fco-jcr) G Tdis and x £ T°^*jg((5i, 62, {ka}^) and {wa}a such that Wo- G Z 
for any a, such that V ^ V(s^^s2,{k.}.)AI{a'^{XuT))- 

Proof. First we prove that (1) implies (2). Let us assume that V is a split trianguline and 
potentially cristalline £'-representation. Then, by Proposition 14.41 there exists a ((5i,(52) G S*^ 
and an s e 5^*ig((5i, (52) such that V ^ V{s). Twisting F by a suitable fy{xiiT{x)'"'), we 
may assume that W{52) has generalized Hodge- Tate weight {0}o-- If we write the generalized 
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Hodge- Tate weight of W{Si) as {fco-}cr, then we have Si — Si a{x)'^'' and 62 = 62 for some lo- 
cally constant characters 61,62 ^ . Then the condition that (i5i, 62) € is equivalent 
to the condition that {61,62, {ka}a) G Tais- Now we explicitly calculate -Deris'''^ (^)- First 
we compute this in the case where 61 ^ 62 or = ^2 and s G S'°li^{6i, 62)- Then, by defini- 
tionof Sti,i6i,62) ^VEiD^^iWi6i/62))/iD^,jW{6J62)r-' +Fil'>D^^{W 
definition of the boundary map D^^{W{6i/62))/{D^,i^{W{6i/62))'^=^ +Fil°D^^{W{6i/62)) ^ 
il^iGK,Wi6i/62)), W{s) is given as follows. 

(1) We{s) := We{6i) © Wei62) such that g{x,y) := {gx,gy) for any g eGK,x£ Wei6i),y G 

We{62). 

(2) W+^i-s) := W+r((5i) © W+,(52) such that g{x,y) := {gx,gy) for any g G GK,a: G 
WM^i),yeW+,{62). 

(3) i : BdR (E)B^ We{s) ^ BdR ©5+^ ^dni^) gi'^™ by i(a;,y) := {x + a y,y) for any 
X G BdR (XiBe We((5i),?/ G SdR W^e(<52)- Here, a G £'^(<5i/(52) is a lifing of a G 
D^KiW{Sil62))l{D^,dW{.6il62)y=^ +Yi\'^D^^{W(6i/62)) corresponding to s. 

By definition of W{5) for any 6 : K"" ^ E'^ , we have i'f rs''"''' (^('^1)) ^ (^0 ®Qp £^)ei , 
d'^^^''''\W{62)) ^ (Ko ^)e2 such that 

• ipHei) = 6i{TTK)ei,ip^e2) = (52(7i'j^)e2, 

• = 6i(xui{g))ei,g{e2) = <f2(XLT(.g))e2 for any g G G^. 

Then we can take a basis ei, 62 such that (^^(ei) = aei, </3(e2) = /3e2, here (a, (3) is the fixed pair 
as in before Theorem [46] for (^1, ^2, {ka}a) & Tais By (1) in the above description of W{s), we 

have Df^^f'-'^^iV) = Df^"f'-'''iWi6i))(BDf^l^''-''\W{62)) as ((^, G/fWodule. We compute 
the filtration on D^-''^^'^\W{s)) ^ K^^^^.A^ ^1".''"'^' ^ ® 

(^n(5i,52) ®Qp ■^)^2 ^ ®<t:K^e(^S:„(5^,5,) ®K,a E)ei.a ® (^„(5,,5,) E)e2,a =■ ®aDa (Here 

we put (-ftr„(5^^5,) ®k.<t E)ei^„ © (-^«(5i,52) ^■'^''^ ■E^)e2.<T)- Because D^j^{W{6i/62)) = 

(W^dR(<5i/<52))^^ ^ ©a(WdR((5i/<52) f^SaH^Q^B ^dR S)^^^ and FifDl^^{W{6i/62)) = 

we can take a G D^j^ (W{6i/62)) in (3) as a = (ao-) G ®o-(WdR((5i/(52) (SiSdR^Qpfi 

such that tta^ — for any cr such that fco-^O. Then, for any a such that A:ct=0 or k^^l and 

Oct = 0, we have 

. Fi?D, = Fir2?fj,"<^~-^~='(Ty(5i)), ©Fir2?fj,"<^~-^'^'(M/(,52)).. 

~ ©<x^rR"""'^'(W^('^0)®K„<,,,,,,»,,s^„(J„J,)®K..i? ®„D^n""'''(W{6^))^ 
for z G {1,2}.) Because we have 

. Fir''-D^^''^''^\W{6i)), = D^-''^''-\W{6i)),, Fir'''+'D^^^'^''^HW{6^))^ = 0, 

• FifD^£''^''-HW{62)). = D^^''^''^\W{62))a, Fi\'D^-''^''-HW{62)). = 0, 
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we get the filtration on as in (i), (ii), (iii) of (4) given before Theorem 14.61 for such a. 
Finally we calculate the filtration on for a such that k„^\ and aa ^ 0. Then we have 
Fir''"''L'cr = Da and Fil^I^cr = 0. For any xei^a + ye2,a e D^ {x,y £ K^i^^^^^^ ®K,<yE), we have 

xei^a + ye2,a e Fil^Z^cr if and only iixei^a + yaa®e2,a e V\f D^^'^^^'^^'' {W{5i))a = and ye2,a e 
Fil°I3dR(VK((52))^ = D^^'^''-'^''{W{52))a- Because a, S i?fR(W^(5i/(52))^ ^ is non-zero, it 
is a base of D^^{W{5i/52))ij as an i?-vector space. So it is a base of D^^^''^'^'^\W{5i/52))a 
as a Ji^„(5j ^i^-.tr i?-module. So ® 62,0- is a base of D^^'^^^'^^\W{5i)). So there exists 
unique z e (-^„(5j ®K,a E)^ such that ® 62, ^ = ^^ei^o-- Then xei^a + J/flo- "Sf 62,0- = 
{x + zy)ei^a, so Fir'^'+^D^ = FifD^ = K^^^^ g^-^ ®K,a E{-zei^a + e2,a)- By comparing Gr- 
actions on ® 62 o- = zei we can see that q(z) = '^^(xLTto)) ^ ^^j. ^ ^jjgj-g exists 

unique ha £ -E^ such that z = —haG{52/ 5i)a- By combining all these calculations, we get 
Dlf-''^\V{s)) ^ (here x = [(6.e.).] £ T^As(^i, ^2, {fc.}.) or x - [{b;^aU £ 

T'^*is(^i,(52,{fco.}cr)). So y(s) ^ V(^~ ^f^^,^}^) (Here we put 60- = if flo- = 0.) From this, we 
know that D^^^^ &2 {k } ) x '^^ weakly admissible for such x. So we can prove that (1) implies (2) 
in the case 5i ^ 82 or 5i ~ 62 and s G 5'°*((5i, (52). 

Next we compute in the case where 5\ — 82 and s e S"'((5i, (S2). Then, by the construction 
of s{{K}a) and by definition of S"{h,h) before Proposition Hll W{s) := (VFe(s), W+^(s), i) 
is given as follows: 

(1) We{,s) := We(^i) ® We(52) such that g{x,y) := (gx -I- fdeg{g)gy,gy) for any 5^ G G^, 
X G VFe((5i), y G W^e(<52)- (Here we use the fact that S1/S2 — Yla'^i^)^" implies that 
We{5i) = We{S2) (Proposition Emi). 

(2) W+^{s) W+^ {Si)®W+^{62) such that (/(x, := {gx,gy) for any g G Gk, x G W^dR(^i)' 
y e W-dR('52). 

(3) i : -BdR (Sib, We{s) ^ B^r (Sg+^ ^dR(*) gi^^^ ^y t{x, y) ~ (a; + (ocris + a)y, y) for any 
X G SdR0B,W^e(^i), y G BdR®i3eW^e(<S2). Here, a G D^^{W{di/S2)) ^ (BdR^q^Efx = 
K^Q^ S is a lifting of a G i?^R(W^(5i/(52))/(i?,^i3(W^(5i/<52)) + Fil^i^fj, (VK((5i/(52))) core- 
sponding to s = s{{ka}a) + a,. 

Then we have i?!;"'' (^^(^l)) = (^cris Wei6i)f"-(h) ^ (Sens W'e(<52))'^''"<^~i) = 

-^cris'''^* C^(^2)) because W^e(^i) We{62)- So we have following isomorphisms of {(p,Gk)- 
modules Df^l'''\W{di)) ^ {Ko E)ei, D^^?^'''\W (62)) ^ (Ko E)e'^ such that 

(1) ip{ei) = aei, (pie'^) = ae'^, 

(2) 5(ei) = ^~i(xLT(ff))ei, 3(63) = ^~i(XLT(5))e2 for any g G G/^. 

(Here a G (i^o ® E)^ is the fixed one such that 53(a) = Si{ttk) defined before Theorem 14.61 ) 
Then, by (1) in the definition of W{s), we have D^^f'\W{s)) = {Kq ^q^ E)ei © {Ko ©q^ 

E){-e2 + flcrisei)- So if we put 62 := -ej, + acrisei, we have -Deris*'''' (^(■s)) = (-^0 ^Qp E)ei © 
(Kg (X)Qp E)e2 such that 

(1) (y5(ei) = aei, 1^(62) = a(e2 -|- ei), 



43 



(2) g(ei) = Si{xui{g))ei, 3(62) = ^i(xLT(.9))e2 for any g e Gk- 

We compute the filtration on K^^g^^ Djf'' (Wis)) = [K^^g^^ (^q^ E)ei © (K^^g^^ E)e2 

as follows. We can take a := (a^) G £'^((5i/(52) = ©^(^dii ®-ftr(»«ip-E ^dR <8)i<-,o- -E) such that 
tta- = for any a such that G Z<q. Then we can compute the filtration as in the previous case. 

Then we have D^^f^\W{s)) ^ PfsM,^}^^ ^, for so me x = (6;^ e T"°:,,(^2, {fc.}.) ^ 
ffiCT,fc<,>i-S'ecr/A(i?) such that a lift (b^e^)^ of (&crecr)cr satisfies {a\bcr ^ 0} = {a\a„ ^ 0}. So, 
for this x, -Dj^^^ S2 {k } ) x ^® weakly admissible and we have V{s) ^ V^^^ 82 {k } ) a;- So we have 
proved that (1) implies (2) in all cases. 

Next we prove that (2) imphes (1). Let us take (iJi, (^2, {fccrjcr) G TcHs- We prove this in 
the case Si 62- (We can prove the other cases in the same way.) Let us take [{ba-eo-)a] S 
T4*,(^i,(S2,{fc^}o-) C PE{®a,k„^iEea). If we put Si = SiJJ^ a{x)'''' , 62 = S2, we can see 
that {61,62) G 5*+. From the argument of the proof of the claim that (1) implies (2), we 
can see that there exists an element s = [{acrea)cr] G S'{6i,62) such that D^^^^^^^'^^^ {W{s)) ^ 
-C'(5i,52,{fc„}„),[(b„e„)„]- Moreover, from the previous argument, we can also see that {a\aa- / 
0} = {a\ba- ^ 0}. This imphes that s is contained in S"''*((5i, ^2), i.e. W{s) = W(V{s)) for some 
split trianguline £'-representation. So we have £^((5i.52,{fc„}„),[(6„e„)„] is weakly admissible and 
{ka}a),[(baea}a]- havc fimshcd the proof of the theorem. □ 

The following is the corollary of Theorem 13.71 
Corollary 4.7. 

(1) Let {6i,62,{ka}a) G r„is such that 61 ^ 62. Let [(a^e^)^] G T^^i^{6i,62, {ka}a)- Then 
there exists unique {{6'i, 62, {k'^ja), {wcr}a) where {6[, 62, {k'^ja) G Tcris, x G T^}-^^{6'i,6'2, 
{k'a}a), w„ G 1, satisfying V(5,,52,{fc„}.),[(a„e„)„] ^ y{S{,5'^,{K},^)A]\a^ixiiTT'') and 

{{6'i,6'2, {k'„}a), X, {W„}a) ^ {{61,62, {fccrjcr), [{ttaea) a], {^} a) ■ Such UniqUC {{6'i,62, {k'„}a), 

x,{wa-}a-) satisfies 

(i) 6[\^x = ^alox , (52lc,x =(5i|^x, 

(ii) 6'i{7:k) = 62{nK)Ua,a^=0ork^^0'^i^K)''' ^6'2{nK) = 6i{7:K)Ua.a^=aork^S0'^^''K'^''' ' 

(iii) k'^ — fccr j/flo- / 0, k'^ — —ka for other a, 

(iv) Wa — if Oa ^ 0, Wcr — kg- for other a, 

(v) unique suitable x — [(a^eo-)^] G T°^-^^{6[, 62, {k'g.}a-) such that {cr\a'^ 7^ 0} = {cr|ao- 7^ 
0}. 

(2) Let{6i,62,{k^}a), (5^, {fc^}.) G T„,s such that 61 = 62. Let x e T"ilj6i,62,{k,}a), 
y G r°*;g((55^, (S2, {fc^jo-); {wa}i7 such that £ Z for any a. Then we have an isomor- 
phism V(Si,S2,{k^}„),x ^ "^;<5i,<5^,{fc;}„),y(na'^(XLT)™'') if and only if {{6[,6'2,{k'^}a),y) 
= {{Si, 62, {ka-}a-), x) and = for any a. 

Proof. (1) is the corollary of (2) of Theorem l3.7l Because 61 ^62, then by the proof of the above 
theorem, we have V^Si,S2,{k„}„),lia„e„)^] ^ V{s) where s = [(6<^e^)<^] G S'lli^{6il\^ a{x)'''' , 62) 
for some [(6o-eo-)o-] such that {a\bcr 0} — {crla-cr ^ 0}. Then, by Theorem 13. 7[ we have V{s) ^ 
V{s') for unique s' ^ s such that s' = [{b'„ea)a] G S'lli^{l\^j^^_^^cr{x)''''62,l\a.b„^Q'^i^y'''' 
n<,a(x)^'5i) = S'tUU.,,^^o'^(^)''S2,U<r,k.Soorb.=o'^(^)''^^) ^uch that {aK ^ 0} = 
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{(t|6o- 7^ 0}. By the proof of the above theorem, we can see that s' corresponds to V(5/ ^^ {fe/ g^)^] 

(n^,a„=Oorfc„^0^(XLT)''') SUCh that 5[\^. = J 2 | q x , | x = (Jij^x, 5[{tI k) = n<x,a„=Oorfc„^0 

other a and {crja'^. 7^ 0} = {cl&'o- 7^ 0}. So we have finished the proof of (1). 
(2) foUows from the above theorem and (1) of Theorem 13.71 

□ 

4.3 Potentially semi-stable and non-cristalline split trianguline E- 
representations. 

In this subsection, we expHcitly describe the iiJ-filtered (</J, A'', Gi<-)-modules of potentially semi- 
stable split trianguline _E-representations which are not potentially cristalline. First we define 
the parameter spaces of potentially semi-stable split triangulilne £'-representations. We put 

• Tst {(5, {fccr}CT)|<5 : — > E^- a locally constant character, k„ <^'L for any a such that 
(E. fc-) + 2eKvalp(5(^K)) + {K : - 0}. 

For any (5, {fco-jo-) G Tst, we define the parameter space Tst(^, {fco-jo-) of weakly admissible 
filtrations as follows. We define 

• rst((5, {fc,,}^) := ©^ fc^^i^Je^. 

For any {0,0^0)0 G T'st(5, {fco-}o-) we define a rank two i?-filtered (1^9, A^, Gal(ii'„(5)/iir))-module 
-^(<5,{fc<T}a),(a„e<,)„ • However, as in the potentially cristallilnc case, the construction depend on 
the choice of one more parameter. For any (5, {fco-jo-) G Tst, we fix a G (Kq ®q^^ E) '^ such that 
53(a) = (5(7r/f), where 53 is as before. Then we define := {Kq E)ei © 

(Ko (g)Qp E)e2 as follows: 

(1) iV(e2) = ei,Af(ei) =0. 

(2) 93(61) = |ei,(^(e2) = ae2 for the fixed a 6 (i^o ®Qp £^)'', 
so we have {e^) = ^^y^ei, (^■''(62) = (5(7r;<-)e2. 

(3) 5(ei) = (5(xLT(g))ei,5(e2) = (5(xLT(5))e2 for any g G G^. 

(4) Weput ii:„(5)®Ko£'(5,{fc<,}„),(Q„e„)„ = (-?f«(5)®Qp-B)ei©(-ftr„(5)®Qp£')e2 ^ ©<T(if„(5) ®a:,<t 
E)ei^a ffi (-K'n(5) <8)K,o- ^^)e2,<T =: ®aD„, then 

(i) For a such that fc^^ - 1, we put Fil^D^ = D„,Y\^D„ = ... = Fir'^'^D^ = 
(if„(5) ®AV £;)e2,.,Fir'=-+ii?, = 0, 

(ii) For cr such that fc^ = 0, we put Fil"/?^ = D^.Yi'^D^ = 0, 

(iii) For cr such that fc^^l, we put YiT^'D^ = Z?^, Fir'^'+^D^ = ... = Fil"L>^ = 
(i4r„(5) ®/f,<^ £;)(a^ei,<^ 62,^), Fil^D^ = 0. 

We will prove in the proof of the next theorem that these are weakly admissible. So, by "weakly 
admissible implies admissible" theorem f |Be041 Theoremi?]), there exists unique (up to isomor- 
phism) two dimensional potentially semi-stable, not potentially cristalline £'-representation 
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V(5,{fe„}),(a„e„)„ such that I^^t }^ ) , (a„e„ ) J ^ D ^s,{K}„} ,ia„e„)„ ■ Then our main result 
on the classification of potentially semi-stable split trianguline i?-representations is as follows. 

Theorem 4.8. Let V be a two dimensional E -representation. Then the following conditions 
are equivalent. 

(1) V is split trianguline, potentially semi-stable and not potentially cristalline. 

(2) There exist {S,{ka}a) G Tgt, {aaea)a G 7st(5, {fc^jo-) and {wa}a with E Z for any a, 

such that V ^ V^S,{k^}^},(a,e^)AUa'^iXLT))- 

Moreover we have an isomorphism V(5_{fe„}<,),(a<,e„)„ ^ ^{S' ,{K}^),{a'„e„)^(n.cr '^(Xlt)) */ ^'^^ 
only if {{6', {K}a), (a^e,^)^-) = {{S, {Kja), {aaea)a) and w'^ ^ for any a. 

Proof. First we prove that (1) implies (2). Let V be as in (1). Then, by Proposition 14.41 we 
have V ^ V{s) for some s G Sst{Si,52) such that 5i/S2 = l-^if/Qp Oct '''(^)'^'' f^^' some 
fco- G Z for any a. Twisting V by some suitable IltT "^(Xlt)'" , we may assume that ((5i,(52) — 
(Jl^ cr(a;)'^'' |A^j^/Q (a;)|(5, 5) for some locally constant character 8 : and for some 

k„ e Z for any a. By definition of 5st((5i, ^j) ^ s{{K}MDfK{W{5i/52))/VA''D^^{W{5i/52)), 
s corresponds to s{{K}„) + b for some b G D^^{W{5i/ 82)) /VA^ D^^{W{5i/ 62)). So W{s) is 
given as follows: 

(1) We{s) := We{Si) ® We{52) such that g{x,y) = {gx + c{g)gy,gy) for any g e Gk,x G 
^cris(^i)' 2/ G W^CTis(^2)- (Here c{g) is defined in the definition of s{{ka}a) and we use the 
fact that We{Si) ^ We{S2){x) which we can see from Lemma [2.1 31 ) 

(2) W+^{s) := W+^{6i) © W+^{S2) such that g{x,y) = igx,gy) for any g e Gk,x e 
W^ni^i),yeW+,{62). 

(3) L : BdR.'S>B,We{s) ^ BdR^g+ W^^{s) is an isomorphism given by y) = (x+^^lMly^ 
b®y, y), here b — {ba) G D^j^{W{Si/62)) is the lift of b such that 6(j = for any a such 
that k^SO- 

We calculate D,^"'" (T/(s)) as follows. First, if we take a base e' G i^f;,;*" (^^(^2)) C Bens ®Be 
We(^2), then we have e" := ie' G D^^^^'^ {W{Si)) because T^elt^i) ^ We{S2)ix)- Then (^■'^(e') = 
<5(^K)e', ipfie") = ^e" and ^(e') = <5(XLT(5))e', <?(e") = <5(xLT(5))e" for any g G G^. 
Moreover we can take a base e' such that (^(e') = ae' for the fixed a. Then D^"'*' (VF(s)) ^ 
(ifo ®Qp E)e" © (Xo £^)(e' - log([p])e"). If we put Ci := e" , 62 := e' - log([p])e", then 
N{e2) — ei. Next we calculate the filtration on Kn(s) ®Ko ^st"**' (^('*)) — {Kn{s) ®Qp E)ei © 
{Kn(s) (XiQp £')e2. By definition of l in (3) of the definition of W{s), we have xei + ye2 G Fil* 
for x,y G Kn(s) ^Q.^ E if and only if xe" + 2/(t(e') - log([p])e") = xe" + y(e' + 6 e" + 

log([p])e" - log{[p])e") = {xe" + yb® e") + ye' G YiYD^^''' {W{5^)) © YiYD^^-^'' {W{62)). So 
we can calculate the filtration similarly as in the proof of Theorem 14.61 Then we can show that 
D^^"'-'^\V(s)) ^ D(s,{k„}„),{a„e„)„ for some (a„e„)„ G Tst((5, {fccrjcr) ^ ®a,k„'^iEea such that 
{(T\aa ^ 0} = {cr|&CT ^ 0}. So -D(5_{fc^}^)^(a^e_^)^ is wcakly admissible for such a {aa-ecr)a- and we 
have V"(s) ^ (^^e^)^ . So we have proved that (1) implies (2). 

Next we prove that (2) implies (1). Let us take {6, {/Ccrjcr) G Tst and {acrec)cr G Tst{S, {fco-jo-)- 
Then we can see that {61,62) ■— {Yla'^i^)^''\^K/qj,{x)\6,6) G 5+. Moreover it is easy to 
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see from the above argument that there exist some s := (b^e^)^ G Sst{Si,S2) such that 
^ -D3t"<'"(t/(s)). So i:'(5^{fc^}„),(a^e„)„ is Weakly admissible and V{s) ^ 

Finally we prove the uniqueness of {{S, {k^}^), {aaea)in {wa}a-)- This easily follows from 
the above argument and from Theorem 13.71 We have finished the proof of the theorem. 

□ 



A A relation between two dimensional potentially semi- 
stable trianguline ^'-representations and classical local 
Langlands correspondence for GL2{K). 

In this appendix, we show a simple relation between two dimensional potentially semi-stable 
trianguline iJ- representations and classical local Langlands correspondence for GL2{K). 

A.l Classical local Langlands correspondence for GL2{K). 

First we briefly recall classical local Langlands correspondence for GL2{K). Let Wk C Gk 
be the Weil group of K, i.e. the inverse image of < Frob^ >zC Gal(fc/fc) by the natural 
surjection Gk — > Ga\{k/k). (Here < Frob^ >z is the subgroup of Gal(fc/A:) generated by 
the q = p-^-th power Frobenius Frob^ of k.) Wk is a topological group such that the inertia 
Ik ■— Kei{GK Gal(^/fc)) equipped with usual profinite topology is an open subgroup of 
Wk. 

Definition A.l. Let L be a field of characteristic zero. We say that a finite dimensional L- 
vector space D with discrete topology is an L-Weil-Deligne representation oi K ii D is equipped 
with 

(1) a continuous L-linear action of Wk, i.e., there is a continuous morphism p : Wk 
AutL(-D), 

(2) a nilpotent L-linear operator N : D ^ D such that N p{g) = q^'^"'^^^'' p{g)N for any 
g e Wk- Here we define deg(5) e Z such that g = Frobk'^''^^^' e Gal(fc/fc) for any 
g e Wk- 

We say that an i-Weil-Deligne representation D := {D,p,N) is semi-simple if {D,p) is a 
semi-simple representation of Wk- 

Next we recall Fontaine's recipe to construct a A'-Weil-Deligne representation from a po- 
tentially semi-stable i?- representation of Gk- Let F be a potentially semi-stable d dimensional 
iJ-representation of G/^.Then DpstiV) := U^cl, finite (^log ®Qp V)^^ is a free Kq" ®Qp mod- 
ule of rank d equipped with the natural ((/?, N, G/f )-action on which ip and Gk act semi-linerly 
and N acts hnearly. We define a continuous action of Wk on £>pst(V^) by p{g)x := ip^ gx 
for any g G Wk and x G Dpst(^^)- We can see that this action is iiTg" iJ-linear and 
satsfies Np{g) = q~'^'^s^^^ p{g)N for any g G Wk- By using the fixed embeddings E ^ K 
and if™ ^ K, we define a map iiT"" E ^ K. Extending scalar by this map, we get a 
A'-Weil-Deligne representation -Dpst(^) '-— Dpst{V) ®k^"®q^e K oi K oi dimension d- So we 
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get a functor V i-^ Dpst{V) from the category of potentially semi-stable _B-representations of 
Gk to the category of X-Weil-Deligne representations of K. 

Next, for a ^-Weil-Deligne representation D of K, we recall the definition of L-factor of D. 
Let us fix an isomorphism K ^ C. By this isomorphism, we can see Z) as a C-Weil-Deligne 
representation of K. Put J := ]j^=o,Ik=i ^ ^^j-^^, subspace of D on which = and Ik acts 
trivially. Let a € Wk be an element such that deg(cr) — —1. Then a acts on J and this 
action does not depend on the choice of a lifting a. Then we define the L-factor of D by 
L{D,s) dct(l - aq-^\j)-\ 

For a two dimensional semi-simple .K-Weil-Deligne representation D, we can define an ir- 
reducible smooth admissible representation 7t{D) of GL2(-ftr) as in |Bu-He06l 33.1] (if we fix 
a nontrivial additive smooth character ^ : K C^). The irreducible smooth admissible 
representations of GL2(if) are classified into non supercuspidal ones (i.e. one dimensional 
representations or principal series representations or special series representations) and super- 
cuspidal ones. We do not recall these definitions here. We only need the following proposition 
concerning this correspondence. 

Proposition A. 2. Let D he a K-Weil-Deligne representation of K. Let D'^^ he the semi- 
simplification of D. Then the following conditions are equivalent. 

(1) tt{D'^''^) is non supercuspidal. 

(2) The representation {D,p) ofWx is reducihle. 

(3) There is a continuous character 5 : Wk such that L{D ®x K{S),s) ^ 0, here K 
is equipped with discrete topology. 

Proof. This follows from [Bu-He06l Proposition 33.2]. □ 

A. 2 Two dimensional trianguline representations and non supercus- 
pidal representations. 

Let F be a two dimensional potentially semi-stable i?-representation of Gk- Then 7r(Dpst(^)^^) 
is an irreducible smooth admissible representation of GL2(ii'). In this subsection, we prove a 
relation between two dimensional potentially semi-stable trianguline iJ-representations and non 
supercuspidal representations of GL2{K). 

Before stating the main result of this appendix, we gives another useful characterization of 
two dimensional split trianguline i?- representations in terms of D^^^^. This characterization is 
also a generalization of [Co07a, Proposition 5.3]. 

Proposition A. 3. Let V he a two dimensional E -representation of Gk- Then the following 
conditions are equivalent: 

(1) V is a split trianguline E -representation. 

(2) There exists a continuous character 6 : Gk E^ and an element a £ {Kq (X>Qp E)^ such 
that D^^,^{V{6)Y-^^l. 

Proof. First we prove that (1) implies (2). Assume that F is a split trianguline i?-representation. 
By definition, VF(F) sits in a following short exact sequence of £'-i?-pairs 

Q^Wi-> W{V) ^ W2 ^ 0. 
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Here Wi are rank one i?-_B-pairs for i = 1,2. By Theorem ll.45l and by the construction W(d) for 
any S : ^ i?^ , if we fix a uniformizer tt^; of E then there exist {Si, ki) where 5i : Gk —>■ 
are continuous characters and ki Z for i — 1,2 such that Wi ^ W{E{Si)) €5 W^''' , here Wq 
is defined before Theoreni ll.451 If we twist the above exact sequence by the character S^^ and 
apply the left exact functor f^ig, we get an inclusion D®'^^ C £)^ig(V((5f "^)) of iJ-tp-modules 
of K. If we put Ko E ^ ©o^,^/_iifo ®Eo..v' -^e,, Df''^ ^ ®o^i^/-i^o ^Bo,^' Ee.^k^, 
then we have (y3(eo,fci H e/_i,fcj = (7r^^eo + eiH e/_i)(eo,fei H |-e/-_i,fcj. In particular, 

(eoM +■■■ + e/-i,fcj e i?,^i3(l/((5ri))^=("^''=''+^i+-+'=/-i) and (^^eo + ei + • • ■ + e/_i) G 
(Kq (g)Q i?)^. So we have proved that (1) implies (2). Next we prove that (2) implies (1). 
Assume^that D^^-^^{V{S))'fi=°' 7^ for a character 5 : Gk ^ E"" and a e {Kq E)"" . Because 
V is split trianguline if and only if V{6) is spllit trianguline, we may assume that V = V{6). Let 
us take a nonzero a; e We consider the sub £;-filtered (^-module Di C D^^-^^{V) of 

rank one which is generated by x. Then by Theorem ll.181 (3), we have a natural inclusion of 
i;-B-pairs W{Di) ^ W{D^^-J{V)) ^ W{V). W{Di) is an £;-B-pair of rank one by Theorem 
[TT81 (3). Taking the saturation WiDiy"^ of W{Di) in W{V) (Lemma EH]), we get a short 
exact sequence of i^-B-pairs 

^ W{DiY''^ W{V) ^W2^0. 

Here W2 is the cokernel of W{DiY'^^ ^ W{D), which is an £'-i?-pair of rank one. So V is a 
split trianguline ^^-representation. We have finished the proof of this proposition. □ 

The main theorem of this appendix is as follows. 

Theorem A. 4. Let V be a two dimensional potentially semi-stable E -representation of Gk- 
Then the following conditions are equivalent: 

(1) V is trianguline, i.e. V ®e E' is a split trianguline E' -representation for some finite 
extension of E' of E. 

(2) The representation {DpstiV), p) of Wk is reducible. 

(2) Tr{Dpst(V)^^) is a non supercuspidal representation ofGL2{K). 

Proof. By Proposition lA. 21 it suffices to show equivalence between (1) and (3). The proof of 
this is a modified version of the proof of [Ki03[ Lemma 1.3] . First we prove that (1) implies 
(3). Assume that V ®e E' is a split trianguline £"-representation for a finite extension E' of 
E. By construction, we have 7r(_Dpst(l^ ®e E'y) = Ti{I)-pst{VY^). So we may assume that 
E' = E and V \s a. spllit trianguline £'-representation. Then, by Proposition IA.3[ there exist 
a e (i^o ^iQp EY and S : Gk E"" such that D^^-^^{V (6))'^'=°' / 0. In this case, we claim that 
we can take 6 which is a potentially cristalline character. We show this claim as follows. In the 
proof of Proposition lA.31 sits in a following short exact sequence of £^-i?-pairs 

O-^Wi-^ W{V) VF2 0, 

where Wi := '^^ (8) W{E{6')) and W2 are rank one £'-i?-pairs. In this case, because 
WCl/") is a potentially semi-stable E-B-paii, W\ is also a potentially semi-stable E'-iJ-pair. 
Because Wq is a cristalline E-B- pair by definition, so W{E{8')) ^ ® Wf'^^ is also 
potentially semi-stable. So 8' is a potentially cristalline character because rank one semi- 
stable E'-representations are cristalline. Then, as in the proof of Proposition IA.3[ if we put 
(5 := then we have D^^-^JyV {6)Y=°' ^ for some a G {K^ EY . So we have 

proved the claim. For this b, we have -Dpst(l^(^)) ^ l)pst(V^) ®k Dpst{E{S)) because both 
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V and E{S) are potensially semi-stable. So, by Proposition IA.21 it suffices to show that 
LiDp,t{ViS)),s) ^ 1. Put J := 5p,t(F(^))^=°'^-=i. If we put J := Dp,tiVi6))^=°''^=\ 
then we have J ^ UifcLc-fi'""^CTis(^('^))j '^^'"S X"" is the maximal unramified extension of -fC. 
By using the fact that N is nilpotent on Dpst{V{6)) and that Ik acts discretely on it, we can 
easily see that J ^ J f^Kg^^Qj^E K. Moreover, because Ga.\{K^'^ / K) ^ Ga.\{K™ / Kq) acts on 
J discretely and semi- linearly, so we have J ^ jGai(K'"'/K) (g)^^^^^^; (if™ (gjQ^ E) by Hilbert's 
theorem 90. Because we have jGai(if™/x) ^ D^^i^{V{6)), we have J ^ i:'cris(V'(5))(8)ifo®,j^i5i^. 
Finally, if we take a non zero element x G -Dcris(^('5))'^^" and consider the action of a 
on X as Weil-Deligne representation (here a is an element in Wk such that deg(cr) = — 1), 
then we have p(cr)(a;) = f^a{x) = ip-^{x) — Lp^~^ {a) ■ ■ ■ Lp{a)ax — (3x, here we put /3 := 
(/?-''~^(q!) • • • Lp{a)a £ {{Kq (g)Qp E)^ )"^^^ = E^ . So J has a non zero eigenvector of cr, hence we 
get L{Dpst{V{S)), s) 1. So we have proved that (1) implies (3) by Proposition lA. 21 

Next we prove that (3) implies (1). Let V he a, two dimensional potentially semi-stable 
i?-representation such that 7T{Dpst{V)''^) is non supercuspidal. Then, by Proposition IA.21 
-^(^pst(^) ®K ^{S),s) 7^ 1 for a character 5 : Wk . By this we can take a non 

zero eigenvector x £ {Dpst{V) ®k K{6))'^^°'^'^^^ of a £ Wk with a non zero eigenvalue 
j3 £ . If we take E large enough, we may assume that (3 £ E^ and that there exsists a 
potentially cristalline character 5' : Gk E^ such that Dpst{E{S')) ^ K{6). Then we can 
prove that there is an i_somorphism (Dp^tiV) ®k K{6))^=°^^'<=^ ^ {Dpst{V {5')))^=°^^'<=^ ^ 
-^cris(^(^')) ®Ko®(i^E K in the same way as the argument in the proof of (1) ^ (3). If we 
decompose D^^-^^{V{5')) ^ ®r:Ko^EDrer, then we have D^^-^{V{6')) <S)Ko(»q^e K = Ad ®e K. 
So, if we take E large enough, we may assume that x is contained in DidSid- If we put 

e := x + ip{x) H 'ripf^''-{x) £ (Sr-.Ko^EDrer = D^is(F((5')), then we have ip'ix) £ D^-iC^-i 

and (^(e) = (/3e^^ + e;_i + • • • + e'^_,f_,,)e, where (/3e^^ + • • • + e'^_,f_,.,) £ {Ko E^ = 
(®o<i</-i-^s'^_i)^. So, by Proposition IA.3[ V{S') is a split trianguhne i?-representation. So 

V is also a split trianguhne £'-representation. We have finished the proof of the theorem. □ 



B List of notations 

Here is a list of the main notations of the article, in the order in which they appear. 

0.1: p, K, Gk, Koo, Tk- 

0.2: E, k, Ko, K^, x, Cp, xlt, recif. 

1.1: E+, A+, A, i+, B, S+p, A^,^, [p], B+^^, t, B,,ax, ^dR, B„ B+^, FiPBdR, log[p], Biog, N, 
V, W, We, W+,, WdR, W{V), bI^, rank(Ty), W^ ® W2, W , Wl-\ D^^,^{W), D^^.iW), 
D!iniW), W{D). 

1.2: bJ^^j,, TZl, H, Tit. VL, uj, deg(Af), ^,{M), [a],M, fit-^ b\ %^ 

Blig, in, ^Ka, Ek„, a, B, Ak, Bk, Sjf, B\f, Ek, bI(^j^, bI^^j^, 

1.3: WeiD), W+,{D), W{D), D{W). 

1.4: D„, Wo, 6, W{6), C/^^f , Vc/, Acn(W^), O 

2: Be. 

2.1: C'{W), G°{W), G\W), R*{Gk, W), Ext\W2, Wi), RI{Gk,W), II}{Gk,W), R^Gk, W). 
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2.3: a{x), Nk,q^{x), \ - |, |A^k/q^(x)|, d. 

3.1: S+, S{5^,62), ^e{M), S'{6i,52), S''\6i,52), 5'"°"-°*(<5i, (52), W{s), V{s). 

3.2: S+, St, S'°'^^{Si,S2). 

4.1: S"{6i,62), Sst{Si,S2), Stl,,{6i,S2). 

4.2: Tens, G((5)o-, Td-isl^l, <52, {fccrjcr), T°^*s((5l, (^2, {fccjcr), ^(■5i,52,{fc„}<,),2:, ^(5i,52,{fc<T}<,),x- 

4.3: Tst, Tst((5, {fccrjcr), ^(5,{fc„}<,),(a„e„)„, ^(5,{fc,.}„),(a„e„)„ • 

A.l: W'k, /if, DpstiV), DpstiV), L{D,s), 7:{D). 
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